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The local cohomology of an extended BRST differential which includes global N=l supersym- 
metry and Poincare transformations is completely and explicitly computed in four-dimensional su- 
persymmetric gauge theories with super- Yang-Mills multiplets, chiral matter multiplets and linear 
multiplets containing 2-form gauge potentials. In particular we determine to first order all N=l 
supersymmetric and Poincare invariant consistent deformations of these theories that preserve the 
N=l supersymmetry algebra on-shell modulo gauge transformations, and all Poincare invariant can- 
didate gauge and supersymmetry anomalies. When the Yang-Mills gauge group is semisimple and 
no linear multiplets are present, we find that all such deformations can be constructed from stan- 
dard superspace integrals and preserve the supersymmetry transformations in a formulation with 
auxiliary fields, and the candidate anomalies are exhausted by supersymmetric generalizations of 
the well-known chiral anomalies. In the general case there are additional deformations and can- 
didate anomalies which are relevant especially to the deformation of free theories and the general 
classification of interaction terms in supersymmetric field theories. 
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1. INTRODUCTION 



This work closes a gap in the analysis of four-dimensional globally supersymmetric gauge theories by deriving 
completely the local cohomology of an extended BRST differential which includes N=l supersymmetry and the 
Poincare symmetries in addition to the standard ingredients related to the gauge symmetries and the field equations. 
We analyse theories with super- Yang-Mills multiplets for all compact gauge groups, chiral matter multiplets in linear 
representation of these groups, and linear multiplets containing 2-form gauge potentials. In particular this includes 
super- Yang-Mills theories with arbitrarily many Abelian gauge fields, and free supersymmetric theories with any 
number of vector gauge fields and 2-form gauge potentials. The extended BRST differential involves thus constant 
ghosts for N=l supersymmetry and the Poincare symmetries, ghost fields for the gauge symmetries, ghost-for-ghost 
fields for the reducible gauge symmetries of the 2-form gauge potentials, and antifields for the field equations, Noether 
identities and reducibility relations between the Noether operators. 

Until now the cohomology under study was only examined for super- Yang-Mills theories (with chiral matter mul- 
tiplets but without linear multiplets) in the restricted space of functional with integrands of mass dimension four or 
smaller than four^ and ghost numbers zero or one [1,2]. The restrictions on the space of functional were motivated 
by applications in the context of renormalization of power counting renormalizable theories. These applications are 
no longer the only arena of interest for BRST cohomological investigations: local BRST cohomology is now applied 
also in nonrenormalizable and effective field theories [3,4], in the analysis of local conservation laws (characteristic 
cohomology) [5], and in particular in the study of consistent deformations of classical field theories [6]^. Our analysis 
covers these applications because we shall compute the cohomology in the space of all local functionals, without 
restrictions on the dimension or ghost number. 

The paper has been organized as follows. In section 2 we specify the theories under study and the extended 
BRST differential. In section 3 we define the cohomological problem and relate it to other useful cohomological 
groups. In section 4 we introduce suitable variables to compute the cohomology efficiently. In section 5 we discuss the 
extended BRST transformations of these variables and derive a related graded commutator algebra which is of crucial 
importance for the cohomology. The cohomology and the main steps of the computation are presented in section 
6, the results most important for algebraic renormalization, anomalies and consistent deformations in section 7. In 
section 8 we comment on the cohomology in negative ghost numbers. In section 9 we show that our results do not 
depend on the formulation of supersymmetry used here, and in section 10 we discuss to which extend they depend 
on the Lagrangian. The main text ends with a brief conclusion in section 11 and is supplemented by two appendices, 
the first of which contains conventions and notation (in particular a list of frequently used functions and operators 
can be found here), while the second outlines proofs of lemmas given in the main text. 



2. FIELD CONTENT, LAGRANGIAN, EXTENDED BRST TRANSFORMATIONS 

We denote the super Yang-Mills multiplets by A^,AJ,, the chiral multiplets by (/?*,Xq) and the linear multiplets 
by <j)°',B^j^,tjj^. The index i of the super Yang-Mills multiplets refers to a basis of a reductive (= semisimple plus 
Abelian) Lie algebra Qym whose semisimple part (if any) is compact (aym is otherwise arbitrary; its semisimple or 
Abelian part may vanish). We shall assume that this basis of qym bas been chosen such that the Cartan-Killing 
metric on the semisimple part of 0ym is proportional to the unit matrix. The index s of the chiral multiplets refers 
to a representation of 0ym (which may be trivial, see below). The index a of the linear multiplets is not related 
to Qym- The Yang-Mills ghost fields are denoted by C% the ghost fields of the by and the corresponding 
ghost-for-ghost fields by i?". Furthermore we introduce antifields for all these fields and constant ghosts c^, c'^" and 
^" for global spacetime translations, Lorentz transformations and supersymmetry transformations, respectively: 

fields: {$-4} = {Ai,xirK,,c\r,B;,,ra,ra,Q;,R'',^%^s,xi,x.sc.} 

antifields: {^\} = {A*^ Ar, Af, C*, </>:, Q:^ K, r^ X*^"} 

constant ghosts: {c", C''}. 



^We refer here to the dimension assignments given in Eq. (B.4). 

^The classification of consistent deformations is particularly interesting for free theories because it yields the possible interaction 
terms that can be added to these theories in a manner consistent with the gauge symmetries, N=l supersymmetry and Poincare 
invariance. 
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AJj, ■0a and Xa arc the components of complex Weyl spinor fields, A^, and Xsa denote their complex conjugates. 
(f'^ are complex scalar fields, (ps their complex conjugates.'^ A^, 0°, B'^,^, C*, and R"^ are real fields. The Poincare 
ghosts c'' and Cj^'' are real, the supersymmetry ghosts are constant complex Weyl spinors, is the complex 
conjugate of According to our conventions, the antifield $* of the complex conjugate of a field $ is related to the 
complex conjugate $* of the antifield of $ according to: 

$* = -W. (2.1) 

In particular the antifields of real fields are thus purely imaginary. B^,^, B*'^" and c'^'^ are antisymmetric in their 
spacetime indices: 

DO _ _DO r,*!^!^ _ _p>*vn nv _ _ vn 

The Grassmann parities 1$"^! of the fields and constant ghosts are (one has 1$"^! = l^*^]): 

= i<^i = = I'/'i = = ri = 0, 

lA^I = ICI = IX^I = |C1 = ig^l = Ic^l = |c/| = 1. 
The ghost numbers of the fields and constant ghosts are 

gh(yip = gh(AL) = gh(B^J = gh(0") - gh(C) = gh(^^) = gh(x^) = 
gh(CO = gh(Q^) = gh(c'^) = gh(c/) = 1 
gh(E«) = 2. 

The Grassmann parity of an antifield is opposite to the Grassmann parity of the corresponding field, and the ghost 
numbers of a field and its antifield add up to —1, 

|$:^| = |$^| + 1 (mod 2), gh($:i) = -1 - gh($^). 

To avoid the writing of indices we shall occasionally use the notation x, B^j^^, ip, 0, Q^, R, Cp* , x* for "column 
vectors" with entries (^*, x**. Analgously x* ^ 4>* ^ B*'^" , ^* , ip*, Q*>^, R* , (p, x denote "row vectors" with 
entries ^p*, . . . , Xs- Transposition of such vectors is denoted by ( )*. The Lie algebra Qym is represented on ^p and x 
by antihermitian matrices^ Tj with real structure constants fij'^, 

^/ ~ — fij ^fc • 

We shall compute the cohomology explicitly for the following simple Lagrangians (the results for more general La- 
grangians are discussed in section 10): 

L = -l S.jFJ^.F^^'' + 1 %(V^A*a^A^" - Ta^V^A-'") 
+ V^(^V^</p + i (V^x'^^'x - x^^v^x) 

+ i S'^ {^T,ip){^T,p) + <^T,;xA' - yxT^<p (2.2) 
where the field strengths i^^^ and H^^ and the covariant derivatives V^^i are: 

f;, = a^Aj. - a.A; + fiu'A^Al (2.3) 

H^ = \ e'^^P'^d^Bp, (2.4) 
V^y = a^A* + /,feM^^A^ V^A^ = + /,,M^^A'= (2.5) 

v^^ = + 4r,(^, v^(^ = - a;^t, (2.6) 

V^X = + ^^Tix, V^x = - ^;xr,. (2.7) 



^For a complex field, the field and its complex conjugate are treated as independent variables (instead of the real and imaginary 
part). 

"^Our analysis covers arbitrary antihermitian representations {Ti}, including trivial ones. Actually the use of antihermitian rep- 
resentations is not essential and only made to simplify the notation. All results hold analogously also for other representations. 
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The extended BRST transformations of the fields and constant ghosts are: 

Sext4 = + fjk'Aj.C'' + c-'d^Ai - - i^a^y + iAV^^" (2.8) 

SextAi = -fjk'C^Xi + c^'d^K - \ C^'-K.A'), - ^'^iocm^V + AK + O^*^ + K'Oai^;. (2.9) 

Sext0 = c''5^0 + + (2.10) 

SextSp;/ = - d^Qy + c^dpE^^ - Cf^^Bpi, - c^'^Bpp + 2^0-^,,^ - 2%i)a^,,^, (2.11) 

SextV-a = c^9^^„ - i c''^(a^,^), + (a'^Oa(^f/. - iS/*'/') (2-12) 

Sext^ = -C'Ti^ + c^d^^ + (2.13) 

SextXa = -C%Xa + C^^^Xa - ^ c''^(a^,x)a " 4eaeX* " 2i(a^0a V^(p (2.14) 

SextC' = i fk/C^C>' + c'^d^C - 2i^<7''C4 (2-15) 

SextQ^ = iS^i? + c^d^Q^ - c/Q, - 2i^a''^B^^ + 2i^<T^e<^ (2.16) 

Sextii = c^d^R - 2ia>'lQ^ (2.17) 

Sextc'' = c./d' + 2i^a''e (2.18) 

^ext^i/^ — Ci/^Cp^ (2.19) 

Scxtr = 5C^"(ef^M-)" (2.20) 

Sextr = -^c'^''(^M-^e)" (2.21) 



where 



(2.22) 



The transformations of the complex conjugate fields arc obtained from those given above according to 

The extended BRST transformations of the antifields are obtained according to: 

«ext$i = (2.23) 

icxt = L- (,Se,t*-'')|<i..=o$^ + i S^HK^ + ?A*)(AK + CA,*) + 4x*CCx* (2.24) 

where d^/d^^ is the Euler-Lagrange right derivative with respect to The extended BRST transformations of 
derivatives of the fields and antifields are obtained from those of the fields and antifields simply by prolongation, i.e., 
by using 

[Sext,9^] = 0. 

By construction Sext squares to zero on all fields, antifields and constant ghosts, 

Sext = 0. 

Comment: The terms in (2.15), (2.16) and (2.18) which are bilinear in the supersymmetry ghosts reflect that 
the commutators of supersymmetry transformations contain gauge transformations and spacetime translations. In 
addition these commutators contain terms which vanish only on-shell. This is reflected by the antifield dependent 
terms in the extended BRST transformations (2.9) and (2.14). Schematically one has 

[susy transformation, susy transformation] w translation + gauge transformation 

where w is equality on-shell, defined according to 

5«L 



[Here X, Y and Z'^^-^^''^ may depend on the fields and their derivatives; Z'^^-^^''^dp^ . . .d^^^ d^L/d^^ vanishes on- 
shcll, i.e., for all solutions of the fields equations, because L does not depend on ghosts]. The Poincarc, supersymmetry 
and gauge transformations form thus an "open algebra" according to standard terminology. By introducing additional 
fields one may "close" and simpliiy the algebra, but this is irrelevant to the cohomology, see section 9. 
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3. COHOMOLOGICAL PROBLEM AND DESCENT EQUATIONS 



The primary goal is the determination of the local cohomological groups H^'^(soxt|c?), i-e., the cohomology of Sext 
modulo the exterior derivative d = dx'^d^ in the space of local 4-forms with ghost numbers g. Unless differently 
specified, the term "local p-forms" is in this paper reserved for exterior p- forms dx^^ . . . dx^^io^^^^^ix^ (the differentials 
are treated as Grassmann odd quantities) where oo^-^...^^ can depend on the fields, antifields, their derivatives, constant 
ghosts and explicitly on the spacetime coordinates such that the overall number of derivatives of fields and antifields 
is finite, without further restriction on this number or on the order of derivatives that may occur^. The precise 
mathematical setting of the cohomological problem is made in the jet spaces associated to the fields and antifields, 
see [7] (the constant ghosts are just added as local coordinates of these jet spaces). The cocycles of iJ^'^(sext|c^) are 
local 4-forms with ghost number g, denoted by w^'^, which are Sext-dosed up to rf-exact forms where a;^+^'^ 

is a local 3- form with ghost number g + 1, 

Sextw^'^ + rfa;s+i'3 = 0. (3.1) 

Coboundaries of -ff^'^(sextl'i) are local 4-forms w^'^ = Sext^^"^'^ -|- du^'^, where uj^~^'^ and u^'^ are local forms with 
form-degree and ghost number indicated by their superscripts. 

As usual, (3.1) implies descent equations for Sext and d which relate H*''^{sext\d) to i?(sext) and i?(sext + d), the 
cohomologies of Sext and (sext + d) in the space of local forms (see section 9 of [7] for a general discussion). In the 

present case these relations arc very direct. To describe them precisely, we define the space ^ of local functions 
(0-forms) that depend on the and x^ only via the combinations = — x'^c^,'^, and the space € of polynomials 
in the constant ghosts. 



d ■■= {/(c^ r, r, c''^ . . . )} (3.2) 

«:={/(c^^,r,c^}• (3.3) 

^ is mapped by Scxt to itself (soxti? ^ 5^), because the .Scxt-transformations of all fields, antifields, their derivatives 
and of the variables c'', c'^'' are contained in Sext acts on all these variables according to Sext = c^d/j, + .. . 

where the nonwritten terms do not involve or x^. In particular, this holds for SextC**: 

Sextc" = c^d^c^" + 2i^a>'^ = -c^c^^ + 21^(7'^^ (3.4) 



Since € is also mapped by Sext to itself (sext^ Q g), both the cohomology i?(soxt,5^) of Scxt in 5^ and the cohomology 
iJ(sext, S) of Sext in are well-defined. The relation between H*''^{s>.-xx\d), H{sext + d) and i?(sext,5^) can now be 
described as follows: 

Lemma 3.1 H{sext,d), H(scxt + d) and H*'^(scxt\d.) ffi H{scxt, ^) o,i~£ isomorphic: 

HS{.s,xu^) =i Ha{s,xt +d):^ HB-'^^^s.xtld) © H3(s,xu «), (3.5) 

where the degree g in H^{scxt,'S), H^{scxt, ^) o,nd H3'^{scxt\d) is the ghost number, while in H^{scxt + d) it is the sum, 
of the ghost number and the form- degree. The representatives of H^^s^xt+d) can be obtained from those of {sext,-S) 
by substituting + c?.x^ for c'', the representatives of HS'^{sext\d) are the 4-forms contained in the representatives of 
Ha+\s,xt + d)/Ha+\s,xt,€). 

Comments: a) We shall compute H{sext,d) and derive i?*'^(sextM) from it according to the lemma. The repre- 
sentatives of i/^+^(soxt + d) are the solutions of the descent equations (see proof of the lemma). 

b) The relations between H*''^{sext\d), H{scxt + d) and H{scxt,d) are much simpler than the relations between 
H*''^{s\d), H{s + d) and H{s) where s is the standard (non-extended) BRST differential for the theories under study. 
The reason is that Sext and Sext + d are directly related because Sext contains the spacetime translations (sext + d 
arises on all fields and antifields from Soxt by substituting + dx'^ for c^). As a consequence H(scxt,S) contains 
already the complete structure of the descent equations for Sext and d. In contrast, s and s + d are truly different and 
the descent equations for s and d are only contained in H{s + d) but not in H{s). Hence, H{sext,d) is more similar 
to H{s + d) than to H{s). In particular, plays in H{sext,d) a role similar to dx^^ in H{s + d) (apart from the fact 



^When dealing with a more complicated Lagrangian than (2.2) (especially with an effective Lagrangian), one may have to 
adapt the definition of local forms to the Lagrangian, see section 10. 
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that Soxtc'' does not vanish, in contrast to {s + d)dx^). This role of is also similar to the role of the diffeomorphism 
ghosts in gravitational theories, see [8,9]. 

c) As a side remark, which is related to the previous comment, I note that i? (soxt) (the cohomology of Scxt m the 
space of all local forms rather than only in ^) and H*'P{sext\d) for all p > (rather than only for p = 4) can also be 
directly derived from H{sext,d)- The nontrivial representatives of iJ(scxt) are linear combinations of the nontrivial 
representatives of iJ(sext, ^) with coefficients that are ordinary differential forms uj{dx, x) on R** (independent of fields, 
antifields or constant ghosts) which can be assumed not to be rf-exact. The nontrivial representatives of iJ*'P(sext|rf) 
for p > are linear combinations of nontrivial representatives of H(sext) with form-degree p ("solutions with a trivial 
descent") and of the p-form part contained in nontrivial representatives of _ff(,Soxi + d)/H(sc^t, €) ("solutions with a 
non-trivial descent"). This can be proved as analogous results in Einstein- Yang-Mills theory, see section 6 of [9] (the 
role of the space A in [9] is now taken by ^, the role of the diffeomorphism ghosts by the c^). Note that for p = 4 the 
statement on H*-P{scxt\d) is in agreement with lemma 3.1 because 4-forms uj{dx,x) are c?-exact in R^. 

d) A gauge fixing need not be specified because it does not affect the cohomology (see, e.g., sections 2.6 and 2.7 of 
[7]). 



4. CHANGE OF VARIABLES 

To compute H{sextjd) we shall follow a strategy [10,11] based on new jet coordinates u^, and which satisfy 

SextW^ = U^ SextW^ = r\w). (4.1) 

The important requirement here is that (w) is a function of the w's only. To construct such jet coordinates we use 
operations d^, d^, d^, dZ which are defined as follows [12]: let be a Lorentz-irreducible multiplet of fields or 
antifields with m undotted and n dotted spinor indices, 

— t^ai---a„ / > ^ai --a„ — ^(ai---a„) ' 

we define 9^, d^, dZ and □ according to 

dtZn ^ {dizzz:::^} 

uz^^ {d^d^zix't- } = {i d^^d^<'zix::.Z}. (4.2) 

Using these operations and the notation 

A = {A'Zh B^^^ ^ {^^^S^J, B^~^ = {^^"""^B;,}, H = {£rt}, Q ^ {Qt} etc, 
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we define the following jet variables u^,v^,w^^Qy 



{u^} = \J\J {DP{d+yAunPdZA 

u nP{d+yA* u aPid+yd^A* u nP{dXyd+A* 

u aP{d+yx* u nP{d+ydlX* u nP{d+yx* u nP{d+yd+X* 

U QPCSD^Q U UPdZQ 

u 

u u ap^d+ydlQ* u (sD^a+g* 

unf(a+)«0* 

u DP u op{d+yd+^* u u 
uap{d+y^* Dop{d+yv>* 

U □^'(5+)«x* U (9+)«5lx* U nP{d+)'^x* U □P(9+)«5+x*) 



U y {{d+yd-A U U (9+)«A U (9+)«A 

u u (d+ycj) u u 
u (a+)v u u (d+rx u (a+)«x) • 



q=0 



(4.3) 
(4.4) 



(4.5) 



Lemma 4.1 The u's, W(o) (f^c^ the linearized v's form a basis of the vector space (over C) spanned by the fields, 

antifields, all their independent derivatives and the c^, c^", 

This implies that the m's, u's and W(o)'s can be used as new jet coordinates substituting for the fields, antifields, 
their derivatives and constant ghosts. They do not have the desired quality (4.1) but can be extended to variables 
with this quality by means of an algorithm given in [11]: 

Lemma 4.2 The algorithm described in section 2 of [11] completes the wL^^ to local functions such that (4-1) 



holds. 



(4.1) will allow us to compute the cohomology solely in terms of the w's (see section 6 b). We introduce the following 
notation for them: 

K} ={c, R, c^ (/X < z^), r , ri u {f 



oo _ 

{f^} = y ((V+)«F(+) U (V+)«F(-) U (V+)«A U (V+)«I 



3=0 



U (V|)«^ U (Vj)".^ U {V+ytp U (V+)«V' 
U(V+)VU(V+)''<^U(V+)''XU(V+)'- 



(4.6) 



with an obvious correspondence to the variables in (4.5) [f corresponds to d^A]. The T's may be called generalized 
tensor fields because their antifield independent parts are ordinary gauge covariant tensor fields. In addition they 
contain terms which depend on antifields such that SextW^^ contains no terms that vanish on-shell. The can be 
viewed as generalizations of the ordinary covariant derivatives and are related to the latter as follows: the antifield 
independent part of V ^f{T) coincides on-shell with acting on the antifield independent part of /(T): 



4>*=0 



f{T) 



(4.7) 
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For instance, the antifield independent part of V^V^t/) is (9^9,^ — | rif^,^0)(f). The exphcit form of the T's in terms of 
the original variables (fields, antificlds, their derivatives and the constant ghosts) is somewhat involved. Fortunately 
we need not compute them explicitly to perform the cohomological analysis because their existence is guaranteed by 
lemma 4.2, and their extended BRST transformations can be directly obtained from the transformations of the u'(o)'s 
as we shall see in the following section. Nevertheless, for later purpose and to illustrate the structure of the new 



variables, we list a few w's explicitly: 

C' = C'+ A^c^ (4.8) 

R = R + ig^c" + i B^.c'c'' (4.9) 

Ai-A;-i^'^c''(a^A*)„ (4.10) 

Fa^^ = <''pFU - 25'^'^(aA;w + i ^''c'^'^^uapAf - \ S'ic'^S^a^^^^q (4.11) 

= - '^^%^hi + i Vci/^^r - \ ^''^'S^%.6.^C* (4.12) 

C=C-i^'''c''(c7^^b*)a (4.13) 

H; = H'; + 1 5-\rbC74 - Mt) - ^i.^pa^'^W c^K" + \ c^cV - k c'^c'c'^Rl) (4.14) 

V^</." = d^r + k S'^'ii^a^rb + iV'bV^C - (4.15) 

Xa=Xa-k^''i<^^^X*)a (4.16) 

V^<^ = V^^+iC(^^r-ic^<^*- (4.17) 

and are the Lorentz irreducible parts of generalized Yang-Mills field strengths given by 

= Ftu + 5'\^cj^,\* + \*a^,i + i c^A], - i c^A*^ - i c^c.C*). (4.18) 



5. GAUGE COVARIANT ALGEBRA 

By construction the extended BRST transformations of the w's can be expressed solely in terms of the w's again, 
see eq. (4.1). As explained in [10], this is related to a graded commutator algebra which is realized on the T's. 
The cohomology of Sext can be interpreted as the cohomology associated with this algebra (similiar to Lie algebra 
cohomology - in fact one may view it as a generalization of Lie algebra cohomology, see remark at the end of this 
section). We shall now discuss the extended BRST transformations of the w's and the corresponding algebra because 
these will be of crucial importance for the solution of the cohomological problem under study. 

The extended BRST transformations of the w's can be directly obtained from the extended BRST transformations 
of the W(o) 's: 

Lemma 5.1 ( [11]) The extended BRST transformations of the w's are given by Soxtw^ = r^ (w) with r^ the same 
function as in SextW^(o) = ^''^('"^(o)) + 0(1) where 0(1) collects all terms that are at least linear in the u's and v's. 

This lemma is very useful because it allows one to derive the extended BRST transformations of the w's without 
having to compute these variables and their extended BRST transformations explicitly (as remarked and demonstrated 
in section 4, the explicit structure of the w's is quite involved). The proof of the lemma was given in [11] and will not 
be repeated hero. It is a consequence of the algorithm used to construct the w's (sec lemma 4.2). For later purpose 
and to illustrate the lemma let us apply it to derive SextC**. We start from SextC** given by (2.15) and use that (2.8) 
gives d^C^ = i^cT^A' - iAV^^"- c-^aj^^j,] + 0(1). This yields 

SextC' = i fk/C^C' + ic'^i^a^'y - AV^O + d^'^-'d^Al + 0(1). 
Applying now lemma 5.1 we conclude 

SextC' = i fk/C^C'' + ic^(ea^I* - AV^O + h c'^c^'K^- (5-1) 
When one verifies this result directly using (4.8) and the extended BRST transformations given in section 2, one finds 
that (5.1) actually contains no antifield dependent terms, i.e., all antifield dependent terms (coming from A% A* and 
i^' ) cancel out exactly on the right hand side of (5.1). 
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Analogously one can derive Soxt-R starting from Scxt-R given by eq. (2.17) and using that (2.16) gives df^R = 
ic^d^^Qij,] - 2^au,^(j) + 0(1) and that (2.11) gives d[^,Q^] = -i cPd[pB^^] - ^ct^^iIj + VJo-^,^^ + 0(1). One obtains 

Sexti? = -Sc^^a^^-^ - ic''c^(^a^,V - V^^/^^O - 5 c'^c'^cPd^B^p + 0(1). 
Using also (2.4) in the form d^^B^p^ = {l/2)efjtvp(jH'^ , one concludes 

Sext^ = -'^c'^^cj^U - ic'^c^^a^^i^ - ^a^^O - 5 ci^c^cPs^^p^H^ . (5.2) 

Again, the antifield dependent terms on the right hand side cancel out exactly. 

To derive the graded commutator algebra we proceed as in [10] and use that {w^} decomposes into subsets of 
variables with ghost numbers 2, 1 and 0, respectively. Those with ghost number 2 are the JR", those with ghost 
number are the T"^ and those with ghost number 1 are the C", c'', c^", ^" which we denote collectively by C'^ 
now, 

{c^} = {(7^c^c''^ (M < (5.3) 

Since Sgxt^"^ has ghost number 1 and since there are no w's with negative ghost numbers, we conclude from eq. (4.1) 
that SextT'^ is a linear combination of the C's with coefficients that are functions of the T"s: 

s,^tf-=C^Rl,{f). (5.4) 

Moreover, since the are independent variables, we can define operators Am on the space of functions of the T"s 
through 

Am := Rltif) . (5.5) 

Using these operators, we can express the extended BRST transformation of any function of the T"s according to 

Sext/(T) = C^Am/(T) . (5.6) 

By construction the Am are graded derivations acting on the space of functions of the T"s. For these graded derivations 
we introduce the following notation: 

{Am} = {Si, V^, Z^., ^d}, (5.7) 

so that 

Sext/(T) = {C'6i + c'^V^ + i c"^/^, + r + r5d)/(T). (5.8) 

The Si and /^^ are linearly realized on the generalized tensor fields and represent the Lie algebras of the Yang-Mills 
gauge group and the Lorentz group as indicated by the indices of the T"s, for instance: 

In contrast, V^, Va and Va are nonlinearly realized, see comment b) below. 
Lemma 5.2 The graded commutator algebra of the graded derivations (5.7) reads 

[Pa, V^] = i{(J^X')^5,, [Pd, = -i(AV^)„(5,: 
{V^,V^} = -2ia;:^V^, {V^,Vp) = = 

[<5„V^] = [S,,V^] = [<5„P<i] = 

[^/j-i^7^p] — "^pi/^/j, VpfJ-^i^i [^/ii^j^a] — ^^voP'^fSf [^/it^ 7 ^fi] — 

[Si, Sj] = jij'Sk, ^^j,, lp„\ = r]pJij,a + flavlpij. - {n^ i^), [Si, lp,y] = 0. (5.9) 
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Comments: a) Notice that (5.9) is not a graded Lie algebra because [V^;Vi^], [I?q,V^] and [2?c(,V^] involve 
structure functions rather than structure constants. (5.9) may thus be rightly called a generalization of a (graded) 
Lie algebra and the cohomology of Scxt a generalization of (graded) Lie algebra cohomology. 

b) In order to avoid possible confusion, I stress that Va and 7)^ do not act in a superspace but are algebraically 
defined on the generalized tensor fields. The 2?Q,-transforniations of A, F^^\ 0, ip, H , ip, x and their complex conjugates 
are spelled out explicitly in appendix A. Prom these one may derive the P^-transformations of the first and higher order 

V-derivatives of these fields by means of the algebra (5.9) [e.g., PqV^A^ = ([I'a, V^] + V^X'q,)A^ = — i(0-^A-' )a/jA;*A|]. 
The ©(j-transformations can be obtained from the I?Q,-transformations by complex conjugation. 



6. COMPUTATION OF THE COHOMOLOGY 

a. Cohomology for small ghost numbers 

As a first cohomological result we shall now derive the cohomological groups /f^'^(sextM) and il^+^(sext,i?) for 
g < —1. These groups can be straightforwardly obtained from corresponding cohomological groups of the so-called 
Koszul-Tate differential® 6 modulo d. 5 is part of Sext and arises in the decomposition of Soxt according to the antifield 
number (af). The antifield number is defined according to standard conventions: i?* has antifield number 3, C* and 
Q*'* have antifield number 2, all other antifields have antifield number 1, the fields and the constant ghosts have 
antifield number 0. The extended BRST differential decomposes into three pieces with antifield numbers —1, and 
1, respectively, with 5 the piece with antifield number —1: 

Sext = 5 + 7ext + Sext.l, af(^) = -1, af(7ext) = 0, af(Sext,l) = 1- (6.1) 

The ^-transformations of the fields, constant ghosts and antifields are: 

= 5c^ = SC = = Sc'"' = 0, 

^^A = ^ for $ieK^A^,A^,c,i?:''^V'^,<^<p:,r^x:^rn, 

6R: = id^Q*f, 5Q*/ = 2d,Bl-^^, 5C* = -V ^A*'' + ^ (6.2) 

Notice that the constant ghosts arc inert to both 5 and d. Therefore the cohomological groups H{5\d) arc the same 
as in the case of the non-extended BRST cohomology except that the representatives can depend arbitrarily on the 
constant ghosts. 

Lemma 6.1 Cohomology H^{5\d) for antifield numbers k > 1: 

( fork>3 
8ujI + dojl_i =0 ujt^ { C> 0_K _ fork = 3 

[ [k^^ (c, OC* + k^"'^ (c, 0/a6] rf^ar for k = 2, 

fab = Q\:H,^, - \ e,.,.B*rBl<'\ (6.3) 

where is equivalence in il((5|rf) (o;^ ^ + + cL;| if runs over those Abelian elements of qym under which 

all matter fields are uncharged, the fc(c, ^,^)'s are arbitrary functions of the constant ghosts, and we used the notation 
Hafj. '■= SabH^- The 4-forms R'^d'^x, C*^d'^x and fabd'^x, a < b, are nontrivial and inequivalent in H{6\d): 

/c"(c,^,C)i?; => A:° = 0: (6.4) 
[k'' (c, ^ , OC* + fcf""! (c, Ofab] d*xr^O ^ fc«' = fcl""! = 0. (6.5) 



Wg arc dealing here with the standard Koszul-Tate differential, trivially extended to the constant ghosts. It must not be 
confused with the extended Koszul-Tate differential introduced in [13] which acts also on "global antifields" conjugate to the 
constant ghosts. 
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Using lemma 6.1, it is straightforward to prove the following result: 
Lemma 6.2 Cohomology iI^'*(sextM) for ghost numbers g < — 1; 

{0 for g < -3 

k^Rld^x for g = -3 

{k^'Cl+k^-'^rjd^x for g = -2, 

fU = Q\^{H,}, + r^^^i-^a.r^) - \ e^.,aBTBl<"' + i^fJV^t]^"- (6-6) 

where ~ is equivalence in i?(sextM) ('jJ^'^ ~ w^'^ + Sext*^^"^'^ + doj^'^), i( runs over those Abelian elements of qym 
under which all matter fields are uncharged, and k"', fc'^ and fcl"*"! are complex numbers. The 4-forms R*d'^x, C^^d^x 
and f'^f^d^x, a < b, are nontrivial and inequivalent in H{sext\d): 

k^R* d^x ~ k" = 0; (6.7) 

(fc'fC* + A;[«^l/^(,) d^a; ~ ^ k'' = fcl"^! = 0. (6.8) 



Using the relation between HB''^{sext\d) and Hs^^{soxt,d) (see section 3) it is now immediate to derive H3{sext,d) 
for ghost numbers smaller than 3: 



Lemma 6.3 Cohomology H^{sext,d) for ghost numbers g < 3: 



for g <0 

k for .9 = 

fco-ff" for 3 = 1 

ki,F'' + ^k[ab]H''H'' for g = 2, 

F'' = c^i^a^l'^ + V'cT^O + 3 c^'S^e^^p^'^P'', (6.9) 

where ~ is equivalence in H{sext,d) (f^ ~ + Sext/^""^ with f^, f^^^ e if runs over those Abelian elements of 

0YM under which all matter fields are uncharged, and k, ka, and k^^b] o-f^ complex numbers. The cocycles 1, H"-, 
F^^ and H'^H'', a <b, are nontrivial and inequivalent in i?(sextji?)' 

k^O ^ A; = 0; (6.10) 

kaH" ~ ka = 0; (6.11) 

ki,P' + \ k^a^H^'H' - =^ fci, = fc[„b] = 0. (6.12) 



Comment: In n-dimensional theories, the representatives of H^_p{S\d) are related through descent equations for 
6 and d to conserved local p- forms (i.e., p- forms which do not depend on antifields and satisfy dujP « 0) representing 
the so-called characteristic cohomology of the field equations [5]. Therefore one can conclude from lemmas 6.1 and 
6.2 that H~^''^{sext\d) and if~^''*(sextM) isomorphic to the characteristic cohomology in form-degrees p = 1 and 
p = 2, respectively, and that the latter is represented by the 1-forms -kdB"- and the 2-forms -kdA^' and {■kdB°-){-kdB^) 
where ★ denotes Hodge-dualization and A''^ = dx^^A^^ and = {l/2)dx^dx^ Bl;^^. We also observe that iI°(sext,S^), 
H^{S(!xt^^) and -ff^(sext,i?) are isomorphic to the characteristic cohomology in form-degrees p = Q, p = 1 and p = 2, 
respectively. We shall see that a similar result does not hold for p = 3, cf. section 8. 



b. Elimination of trivial pairs 

To compute _ff3(,Scxt! 'S) for ghost numbers g > 3 wc use the jct-coordinatcs m^, f^, given in section 4. Thanks to 
Eq. (4.1), the jet-variables and form trivial pairs in the terminology of [10] and drop from (the nontrivial part 
of) H{s,xu^): 

Lemma 6.4 H{scxt,d) is isomorphic to the cohomology of s^xt in the space 2H of local functions of the variables 
listed in Eq. (4.6): 

H{s,xt, ^) ^ H{s,xt, W), W = {f{w)}. 
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c. Decomposition of the cohomological problem 

To compute il(sext, 2^1), we use the counting operator N for the variables C", c^" and -R" as a filtration, 

iV = ^ + i c"'' + ^ . 

Sext decomposes in 2IJ into three parts with N-degrees 1, and —1 which we denote by sue, Sgusy and Scurv, respectively: 

Se^tfiw) = (Slie + Ssusy + Scurv)/(w) 

[-^) Slie] ~ ^liej [-^j ^susy] ~ 0? [-^j ^curv] ~ ^curv 

s,. — if, i/jj/jk r Pr 

o o o 



W=r^ + H^^ (6.13) 

where we introduced 

r = iff'i^a^l' - AV^e") + 5 c'^c^F^,, (6.14) 

^ _2fiM^^^^^a _ _ ^a-^^^") _ i (.f^ (.P ^ H''\ (6.15) 

Sgxt = decomposes under the AT-degree according to: 

^lie ~ ^curv ~ {^liej ^susy} — {^curv? ^susy} — 0) {^liej ^curv} ~t~ ^susy ~ ^* (6.16) 

Let US denote by the piece with AT-degree m of a function / G W, and by m and m the highest and lowest 
A/'-degrees contained in /, respectively''. The cocycle condition Sextf{w) = in ^(36x15 211) decomposes into: 

Slie/w = (6.17) 

Ssusy/m + Slie/rn-1 = (6.18) 
^curv/m" ~t~ ^susy/m— 1 "I" ^lie/m— 2 — (6.19) 

Scurv /m = 0. (6.20) 

d. Lie algebra cohomology 

(6.17) shows that fwr is a cocycle of shq. We can assume that it is not a coboundary of sue because otherwise we 
could remove it from the Sext-cocycle f{w) without changing the cohomology class of the latter (if = Sue/im-i, one 
replaces / with / — .ScxtVim-i which is equivalent to / in _ff (soxt, SH)). Hence, fjfr can be assumed to be a nontrivial 
representative of the cohomology of sue in W which we denote by H(siie,W). This cohomology is well-known: it is 
the Lie algebra cohomology of = Qym + so(l,3), with g represented on the local functions of c^, and T^. 

This cohomology is generated by so-called primitive elements 6r constructed of the (7* and c^", fl-invariant functions 



'^We can always assume that m is finite because it is bounded by the ghost number of / (recall that there are no w's with 
negative ghost number). 



12 



of the c^, ^" and , and linearly independent polynomials in the (notice that the i?" are inert to siio). The 
0's correspond one-to-one to the independent Casimir operators of q. The index r of the 0's runs thus from 1 to 
rank(fl) = rank(0YM) + 2. The ^'s of 0ym can be constructed by means of suitable matrix representations {T^^''} of 
0YM (the superscript (r) of T^^'' indicates that the respective representation may depend on the value of r): 

6, = (_)».(.)-i M^)!Mr) - 1)! t^^(c,2n^(.)-i)^ C = &t!^\ r = 1, . . . ,rank(0YM), (6.21) 

where m(r) is the order of the corresponding Casimir operator of fiYM- The ^'s with m(r) = 1 can be taken to coincide 
with the Abelian C"s by choosing T^^'^ = 1 for one of the Abelian elements of Qym and T^^^ = for all other elements. 
We denote the Abelian C's by C^'' : 

{Or : m{r) = 1} = {C'^} = {Abelian C's}. (6.22) 

So(l,3) contributes two additional ^'s with m(r) = 2 ("Lorentz-^'s"): 

^rank(0YM)-Fl ~ C^^'Cp'*, ^rank(0YM)-|-2 ~ ^ij,vpitC^ C\ . (6.23) 

We denote the space of g-invariant local functions of the c'^, ^" and T'^ by Tinv, 

linv = {/(£, I T) : 5if{c, e, I f) = 0, l^,f{c, e, I f ) = 0}. (6.24) 
il(siie,2n) can now be described as follows: 

Slie/(«') = ^ f{w) = Sx,^h{w) + fPT{e,R), /"^Glinv; (6.25) 
fPT{e,R) = Sli^h{w), /^Glinv ^ /'' = 0, (6.26) 

where {Pr{0, R)} is a basis of the monomials in the Or and i?". As mentioned above, this expresses the Lie algebra 
cohomology of Q, with representation space given by the local functions of the c**, and T"^. It is a well-known 

result, see, e.g., section 8 of [7], and implies directly the following: 

Lemma 6.5 The piece with highest N -degree of a representative f of H{sext,W) can be assumed to be of the form 

frn = f^'^Pr^{0,R), Ssusyf^^ = 0, /'^'^ 7^ Ssusy/^, Z^'^, € ^inv, (6.27) 

where {Pr^{0,R)} = {Pr{0,R) : NPr{9,R) = mPr{e,R)}. 

e. Supersymmetry algebra cohomology 

(6.27) shows that the functions are representatives of the cohomology of Sgusy in the space Tinv. We denote this 
cohomology by (sgusy, 'Jinv)- It is indeed well-defined because Ssusy squares to zero on all functions in linv: according 
to (6.16) one has s^^^^f = — {smo, Scurv}/ which vanishes for / e Tinv because one has sue/ = and Scurv/ = for 
/ € Tinv by definition of Tinv. In particular one has 

/ e Tinv Ssusy/ = Sext/, (6.28) 

and thus 

i?(Ssusy, Tinv) = -H"(Sext, Tinv). (6.29) 

The following lemma describes this cohomology and is a key result of the computation. 

Lemma 6.6 Cohomology H[ssusy,%nv)- 

(i) The general solution of the cocycle condition in H^{ssusy,'^inv) for the various ghost numbers g is: 
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Wy/^ = 0, G Ti, 



k for .9 = 

/CaiJ" /or 5=1 

fc.f^'*' + 5fc[a6]^"^'' + ^iA^'^ /or 5 = 2 

Oi?(f ) _ for 5 = 3 

Pf^i + for g = A 

/or 5 > 5 



P = -16 S^, ^S^'^e - 4i S^?>'^P + S I?2 

- — -ip rPp'^ " — -ip 
' — 'flu — 4 ^fiupa^ ^ : ' — — g ^fiupa 

i?(T) e Tinv, X>^i?(T) = ) = 



(* = 1,2), 



(6.30) 



w/iere ~ is equivalence in if(ssusy) '^inv) (7^^ ~ f^ + Sgusyf^ ^ with f^,f^ ^ G '^inv), lA runs over all Abelian elements 
of Qym and T'^^ are the Abelian T's (6.I4), k, ka, hi, kab and ki^ are complex numbers, we used the notation 
1)2 = V"Va, & = VaV", [D",f>"] = V^V" - V^V" and other notation as in lemma 6.3. The functions Ai{ip,X) 
depend only on the undifferentiated Lp^ and A' but not on any (generalized covariant) derivatives thereof. 



(a) The cocycles 1, H'' , F^^ , H'^H^, a < b, and J^'^ are nontrivial and inequivalent in H{s. 



susy 5 ^inv ) ; 



a cocycle 



OR{T) is trivial in H{ssusy,%nv) iff R{T) = T>Q.\ +Wt2 for some functions fif = 
and a cocycle VVli + V^2 is trivial in H{ssusy, %nv) iff both Cli = 'D'^X{T) and Q.2 
function X{f) G 1i„v;^ 



Af{^,\)+V^Bf{T) (i = h2), 
: -V^X{f) for some (the same!) 



OR{T) - ^ 
+ V^2 



k^O ^ k = 0; 
kaH" - ^ fc„ = 0; 

- ^ _^ 

R{f) = Vrii + Vn2, flf = Af{>p, A) + f)^Bf{f)- 
[1^1 = V'^X{f) A ^2 = -X>2X(f)]. 



— ^[ab] — kij^ — 0; 



(6.31) 



Comments: a) In section 6a we found that the cohomology groups H°{sext,d), ^f^(sext)i?) and H'^{sext,d) are 
isomorphic to the characteristic cohomology in form-degrees 0, 1 and 2, respectively (see comments at the end of that 
section). A similar result holds for H'^{s susy, '^inv), H^{ssusy,%nv) and -ff^(ssusy, "Sinv): they are isomorphic to the 
gauge invariant characteristic cohomology (characteristic cohomology in the space of gauge invariant local forms) in 
form-degrees 0, 1 and 2, respectively. Indeed one can show as in [14,15] that the latter is in form-degrees 0, 1 and 2 
represented by: 

p=0: LO° = k; (6.32) 
p=l: =ka*dB''; (6.33) 
p = 2: = kii-k dA'' + \ k[„i,]{*dB"-){*dB'>) + ki^dA^^. (6.34) 

b) Notice that the lemma characterizes the cohomology in ghost number 3 through functions R{T) G Tinv which 
satisfy V'^R{f) = f)'^R{f) = and are determined up to contributions of the form VQ.x+f)Q.2 with Of = ((^, A) + 
'D'^Bf{T) [such contributions can be dropped because of part (ii) of the lemma]. I have not determined the general 
solution to these conditions (which appears to be a rather involved problem) but would like to add the following 
comments concerning this result. 

The simplest nontrivial functions R{T) arc complex numbers, i.e., R{T) = k G C with k ^ 0. They yield field 
independent representatives with ghost number 3 given by 

4A;c''^a^f. (6.35) 



= V''X_A Q2 = -V^X is equivalent to Ai = A = A V'^Bi = V'^X A P^Sj = -V'^X because no function A{ip, A) is 
of the form {...). 



14 



All other representatives OR{T) contain gauge invariant conserved currents j'^ given by the antifield independent 
parts of (l/2)a^.[P",P"]i?(T), 



(6.36) 

*»=o 

That these currents are indeed conserved can be directly verified by means of the algebra (5.9) which implies, for all 
(5i-invariant functions f{T): 

6if{f) = [©^:D2^/(f) = -4iV„a[P«,:D«]/(f). (6.37) 

Specializing this formula to R{f), it yields = Vad[2?", V^jRif) because of V^R{f ) = &R{f ) = 0. Owing to (4.7) 
and the gauge invariance of (which follows from R{T) e Tinv), this implies that is indeed conserved: 

« = a^j". (6.38) 

gives thus rise to a cocycle co^ = {l/6)dx^dx''dxPefj,^paj'^ of the gauge invariant characteristic cohomology in 
form-degree 3. One can show that this 3-form is trivial in the gauge invariant characteristic cohomology iff OR{T) 
is in _ff (.Sgusy, "Jinv) equivalent to a function (6.35).^ Hence, except for the field independent representatives (6.35), 
nontrivial functions OR{T) correspond to representatives of the gauge invariant characteristic cohomology in form- 
degree 3. However, this correspondence is not one-to-one as it is not surjective: there are representatives of the gauge 
invariant characteristic cohomology in form-degree 3 which do not have a counterpart in H^(ssusy, '^inv)- In particular 
the Noether currents of supersymmetry and Poincare symmetry (and also those of other conformal symmetries) do not 
correspond to representatives of H^{ssusy,'^inv) as one can already deduce from the fact that these Noether currents 
are not contravariant Lorentz- vector fields (note that in (6.36) is a contravariant Lorentz-vector field since R{T) is 
Lorentz-invariant owing to R{T) G Tinv)- 

The "generic" representatives of the gauge invariant characteristic cohomology in form-degree 3 involve gauge in- 
variant Noether currents, i.e., they correspond to nontrivial global symmetries of the Lagrangian by Nocthcrs first 
theorem [16]. In addition there are representatives which are trivial in the characteristic cohomology but neverthe- 
less nontrivial in the gauge invariant characteristic cohomology [accordingly the corresponding functions OR{T) are 
nontrivial in i?^(.Scxt, "Jinv) but trivial in -ff'^(soxt, i?)]- These are exhausted by the 3-forms di?" and {dA^^){-kdB°-), 
as can be shown as analogous results in [15,7], and do have counterparts in H^{ssusy,'^inv)- dB°^ and ((iA*-*)(*cii3") 
correspond to functions R{T) given by <;^" and the imaginary part of A'-^i/)" -|- (1/2)^"DA*'^, respectively: 

R{f) = -\kar ^ OR{f)^kan\ f = kaH''^', (6.39) 
R{f ) = A:i^a(-iA*^V'" + iA*-*^'" - i^^^iA*-*) ^ 

f « ki^a[-'2e^"''"'Fi^pH^ + Ad^{F'^"^'<i)'' + A'^ct^^V" + V^^'^^'Vi")]. (6.40) 

Examples of representatives containing nontrivial Noether currents arise from functions R{T) that are linear combi- 
nations of the real parts of X'^xj}'^: 

R{f) = \h^a{\''r + 

f w k,,aW''>'''H'^ + d^{e''^'P''Fi^(j)'' + 2iX''^ af^'iP" - 2iX'''a'"'^'')]. (6.41) 
This contains indeed the Noether currents kiiaF^'^^H^ of nontrivial global symmetries generated by 

AA'^=ki,aH;, AB;, = ifci,„£^,p<,F*'^-, A(other fields) = 0. (6.42) 



7" = 



la^^^[D",V"]R{T) 



^Using part (ii) of lemma 6.6, the algebra (5.9), and Eq. (4.7), it is straightforward to verify that 0[R{T) — fc] ~ implies 
jt" « a^S*"^ with S*"^ = 'ii{Va''''ni+Va'"'Q.2) for some gauge invariant fif = Af{ifi, \) +t>'^ B°'lf) . Hence, OR{f) ~ Akcf'^a^^ 
implies the triviality of u)^ in the gauge invariant characteristic cohomology {lo^ « dui^ with = \dx^dx'' ey.vpaS'"'). The 
proof of the reversed impMcation is more involved. Let me just note that one can prove it using the descent equations, by 
showing that the triviality of u)^ in the gauge invariant characteristic cohomology implies that the cocycle of (,Scxt + d) which 
arises from OR{T) (see section 3) is trivial, up to a function (6.35), in the cohomology of (sext + d) on gauge invariant functions 
that do not depend on the ghost fields (treating the antifields as gauge covariant quantities). 
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c) Almost all representatives of i?(ssusy, 2^inv) depend on antifields because the generalized tensor fields T"^ involve 
antifields, see section 4. Exceptions are the field independent representatives (these are the constants k for g = 0, 
the representatives (6.35) for g ^ 3, and the representatives Vfli + Vi)-2 with ^li — ki £ C for g = 4), and the 
representatives kaTi"", see (6.39) (H" does not depend on antifields). In addition there are a few representatives 
'Pfli+Pfl2 from which the antifield dependence can be removed by subtracting trivial terms, see equation (B.70). The 
antifield dependence of all other representatives cannot be removed as a consequence of the fact that the commutator 
algebra of supersymmetry and gauge transformations closes only on-shell. However, this changes when one uses the 
formulation with the standard auxiliary fields in which the commutator algebra closes off-shell (cf. section 9). In that 
formulation, every representative VQi +VCI2 can be brought in a form that does not depend on antifields. The reason 
is that, when one uses the auxiliary fields, the algebra (5.9) has an off-shell counterpart which is realized on standard 
gauge covariant tensor fields (rather than on the generalized tensor fields T^) and arises from (5.9) by substituting 
V^, AJj, and i^^^^ for their hatted counterparts. In the formulation with auxiliary fields, iJ'*(ssusy, '^im) can thus be 
represented by functions Pf^i(r) + VVL^iT) with ^i{T) = Ai{tp, A) + &Bi{T) e Tinv (» = 1, 2) where and are 
now realized on the ordinary tensor fields T'^. The antifield dependence of other representatives of H{ssusy, l^inv) (with 
(7 < 4) can not be removed by the use of auxiliary fields because of their relation to the characteristic cohomology of 
the field equations which is not affected by the use of auxiliary fields. 

d) The results for gr > 3 in lemma 6.6 follow from the "QDS-structure" of the supersymmetry multiplets formed 
by the T"^, sec proof of the lemma. These results are thus not restricted to the theories studied here but apply 
analogously to models with more general Lagrangian, or even with different field content, as long as the models have 
QDS-structure. 

f. Completion and result of the computation 

So far we have determined the part with highest iV-degree of the possible representatives of i?(sext)i5) by analysing 
equations (6.17) and (6.18) which involve only sue and Ssusy We have found that this part can be assumed to be of the 
form Pr{9. R) where the are representatives of H{ss^sy, 2^inv) given by lemma 6.6. To complete the computation 
of ff(sext)T?) we have to examine which functions Pr{0, R) can be completed to (inequivalent) solutions of the 
remaining equations (6.19) through (6.20) involving Scurv in addition to sue and Sgusy For this purpose the following 
result is helpful: 

Lemma 6.7 ( [17]) (i) There is no nonvanishing Scxt-closed function with degree 4 in the . 

(a) Let f = fs + fi be an Sf^xt-cocycle where fs and fi have degree 3 and 4 in the , respectively. Then f is the 
Sext-variation of a function 774 with degree 4 in the c^; r]4 is unique^^ and the solution of 5-r]4 = fs with 5- as in 
(B.30). 

Furthermore it is extremely useful to complete the Or of the semisimple part of the Yang-Mills group to corresponding 
"super-Chern-Simons functions" qr given by: 

/■I 

= m(r) / dt tr^(C'jr™W-i) if m(r) > 3, (6.43) 
Jo 

qr = tr^[C'jr2 _ 1 (73 jr + _^ (75 + 3i s (^AAA + fXXX)] if m(r) = 3, (6.44) 

qr = tTr{CJ^- I C^) if m{r) =2 and r < rank(0YM), (6.45) 

with C and {7;^''^} as in (6.21), and 

A„ = Aj,i;(''\ h=XiTl'~\ T = rT\'\ Tt=tT+{e -t)C'^. (6.46) 
The g's satisfy g^. = + • • • and the ^'s in (6.43) and (6.44) are Sext-cocycles (in contrast to (6.45)): 
Lemma 6.8 The super- Chem- Simons functions (6.43) and (6.44) o.^^ Sext-closed: 

Sextgr = for m(r) > 3. (6.47) 



'This does not exclude that there are functions g which are not entirely of degree 4 in the c'' and satisfy / = Sextff. 
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Using lemmas 6.6, 6.7 and 6.8 and results on the standard (non-extended) BRST-cohomology one derives the 
following lemma eontaining the result of the cohomological analysis: 

Lemma 6.9 The representatives of H{sext,d) can be grouped into seven types: 

(7) 

Sext/ = 0, fed ^ f= /^'^+«ext/l, he?, 

« = (1) 

/(I) =p(i)(g,^L) where ^f^^^MlA = q if m(r) = 2, (6.48) 

r:m(r) — 2 

K = i} - iS^e>^V> + i S V>P) tr,(AA) ~ (iS^^V-" + 5 SJJ") tr^(Aa'^A) + c.c, (6.49) 

r:m[r)—2 

^["''1 = 215^,(^(7"^^; - C>^''^")[»/1 + S^(i0[»V^(/.^l - V-'V^^"*-!), (6.50) 

r:m{r}=2 

= -iS^A[*fc7''A-''f], = S^A''c7''f(?i" + iS A^'V" - c.c, 

=H^yftr^(AA)+2SA*ftr^(AAf) + c.c., (6.51) 

f(5) _ fo-ao-h , vlab] ^ 9 y[afc](cd) ] p'^''U d 0, B) 

r:m{r)=2 

+ i S [2ff If^^la"^ + (^V- - 3^0'"V5'''2^ + 4>^''{H + iV<^)^l^a''1?]} tr^(AA) 
+ {E^ ^^["(^^ - ^0''^ + 2iSC^[°i?;:l} tr,(Aa''A) + c.c., 

+ E^{-2i^a^"''4)^"HtW + ^^I^V^/lcA" + i C<7''P(</>[''V'''^'^) 

+ i (fl"''I''(?i''lV^0'= - H^'''(f)^"Vi,(f)^^ - 0'=fl"''[°V^0''l)} - c.c, 
jf[a5](cd) ^ 2iE{'tp''^i)''^(t)''(f)^ - (f)^''il>''^^^'tl>^''(l)^^) - c.c, (6.52) 

/(«) = {((9i?^(f)) + x«^^+ ^^'|; + ^'"^}^^(^'^-e.^.,i?), 

r:m{r)=2 

X"^ = {-2iS^ A'-^ct"^ + i S {VX'^) + 2EX'^V - c.c.}R^{f), 

X^ = 8ER^{f)tTr{^XX^), X^" = 2iE{ij''^-^il)'' + (P''^V + <j)''^V)R^{f), (6.53) 

— f) 

= \{rni + vnl) + sE{X'-iQ\ + ^y-nl)-^}Pr{q,CAbeuei.,R), (6.54) 

where 9i^, CAboi o,nd Cfroo denote collectively the Lorentz-9's (6.23), the Ahelian C's, and the C*', respectively, c.c. 
denotes complex conjugation when {T'f ''} is antihermitian^^ , and other notation is as in lemmas 6.3 and 6.6. In 



If {T^^'^^l is not antihermitian, then +c.c. denotes the addition of terms that were the complex conjugation if {T^'"^'} was 
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particular, R^{T), n\ and Vl^ are functions as R{f), f2i and O2 in (6.30), respectively, and can he assumed not to 
he of the trivial form given in (6.31). 



7. CONSISTENT DEFORMATIONS, COUNTERTERMS AND ANOMALIES 

Wc shall now discuss the results for the cohomological groups iJ'^'*(.ScxtM) find H^'^{scxt\d) because of their relevance 
to algebraic renornialization and consistent deformations. In algebraic renornialization, -ff'^'^(scxt|rf) yields the possible 
counterterms that are Poincare invariant, gauge invariant and N=l supersynurietric on-shell, and i?^'^(sextM) provides 
the Poincare invariant candidate gauge and supersymmetry anomalies to lowest nontrivial order, cf. [18,4,7]. 

The other applications concern the Poincare invariant and N=l supersymmetric consistent deformations of the 
classical theories. In this context a deformation is called consistent if it is a continuous deformation^^ of the Lagrangian 
and its gauge symmetries such that the deformed Lagrangian is invariant under the deformed gauge transformations 
up to a total divergence. A deformation is considered trivial when it can be removed through field redefinitions. 
Such deformations of n-dimensional gauge theories are completely controlled by i7"'"(s|rf) and _ff^^"(s|c?) where n 
is the spacetime dimension and s is the standard (non-extended) BRST differential [6,19]. In particular, i?°'"(s|d) 
provides the nontrivial deformations to first order in the deformation parameters, while H^'"-{s\d) yields all possible 
restrictions or obstructions to the extendability of the deformations to second and all higher orders. Analogously the 
cohomology groups i/°'"(sextM) ^^id H^-"{scxt\d) of an extended BRST differential for gauge and global symmetries 
control those consistent deformations that are invariant under the global symmetry transformations contained in ,Soxt, 
where these transformations may get nontrivially deformed but their commutator algebra does not change on-shell 
modulo gauge transformations. The latter statement on the algebra of the global symmetries holds because this 
algebra is encoded in the extended BRST-transformations of the constant ghosts. Representatives of -ff"'"(scxt|rf) do 
not contain terms that would modify the extended BRST-transformations of the constant ghosts because they do 
not involve "global antifields" conjugate to the constant ghosts^^. Hence, i?°'"(sextM) yields only deformations that 
preserve the algebra of the global symmetries contained in Scxi (in contrast, the algebra of the gauge transformations 
may get nontrivially deformed). The consistent deformations which arise from our results on i7'''^(sextM) *re thus 
precisely those which are Poincare invariant and N=l supersymmetric, where the supersymmetry transformations 
may get nontrivially deformed but their algebra is still the standard N=l supersymmetry algebra (on-shell, modulo 
gauge transformations). In view of the results derived in [21] it is unlikely that there are more general physically 
reasonable deformations (which change nontrivially the N=l supersymmetry algebra) but this question is beyond the 
scope of this work. 

We shall now spell out explicitly the antifield independent parts of the representatives of H°'''(scxtM)- These give 
the first order deformations of the Lagrangian, and the possible counterterms to the Lagrangian that are invariant, at 
least on-shell, under the gauge, Lorentz and supersymmetry transformations up to total divergences (the parts with 
antifield numbers 1 and 2 of the representatives of H^'^{sext\d) yield the corresponding first order deformations of, and 
coimterterms to, the symmetry transformations and their commutator algebra, respectively). As explained in section 
3, the representatives of H^'^{sext\d) are obtained from those of H^{sext,d) by substituting c^ + dx^ for and then 
picking the 4-form of the resultant expression. The representatives of iI*(sext,S^) are obtained from lemma 6.9 by 
selecting from among the functions those with ghost number 4.-'^'* Up to trivial terms, the antifield independent 
part of the general representative of i/'^'*(sextM) is: 



antihermitian (i.e., using -T}''' in place of t/''"). 
^^A deformation is called continuous if it is a formal power series in deformation parameters. 

'^^See [13] for the concept of such antifields, and [20] for a discussion of deformations of the global symmetry algebra in the 
framework of the extended antifield formalism. 

^''There are no functions /'^' or Z'^-* with ghost number 4. The functions /'■^•' with ghost number 4 arise from polynomials Pji'^ 
that are linear combinations kaQ.r of the Qr with m{r) = 2 and of the Lorentz-^'s where, however, only kaQ.r yields deformations 
and counterterms of the Lagrangian, symmetry transformations and their algebra (the representatives with Lorentz-^'s have 
antifield number 3). The functions f^^\ f^'^\ f^'^\ and /(''^ with ghost number 4 arise from = (l/e)^;;^^^,,]^^' C'-'f (7*=^ - 

ikifaC'''R°', = ik[ab]cR'', Pt = — iC"^, and Pr = 1 respectively, where we introduced cosmetic factors 1/6 and ±i. 
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CO ' |$*=0 = a X i LCM + LSYM + Lst + LfT + -LNoe,CM',CS,FI + Z/ generic 1 

?CM= ^-{^M tirle'^'''"' {A^dpA, + I A^ApA,) - Aa'^A] 



- tVr[{Va'"'X + i;''a'"'X)F^, - i (V'^A + V^"A)m]} (7.1) 

LSYM= ^^^^i^^^'"''' + iA^V^PM^O (7-2) 



(1) 
L 

(1) 



L st= F'f^^B", + A'f r + y^r) (7.3) 



i FT= k[ab]c 



+ i^^a^'i^^m + i(^ VVi" - VV''V^'')H^1 (7.4) 



iNoe,CM',cs,Fi= {\ A^f a''''"[D^M - i{m'^) - 2iA'^2? + 2i\'^f>)Ri^{T) (7.5) 

L generic^ [Ai (ifi, A) + V^Bi (T)] + p2 [^^ (^, A) + V^B2 (T)] (7.6) 

where the k's are complex numbers, Rij^{T), Ai{ip,\) and Bi{T) are functions as in lemma 6.6, T'^, P^T^, V^T'^ 
denote the antifield independent parts of T"^, VaJ"^, VaT"^ , respectively, \Pa,'Da\ is the commutator of Va and P^, 
and A, A are matrices constructed from the gauge fields and gauginos: 

= f ^|$.=o, T^ccT^ = (2^aT^)k*=0, ^&T^ = (^dT^)k*=0, [DccM = I'a^d - -Da-Da, 

A,=A^Tt\ Xa=KTt\ \a = X^t^. (7.7) 

Analogously one obtains the representatives of i?^'''(sextM) from the functions /^*^ with ghost number 5 given in 
lemma 6.9. The antifield independent parts of these representatives are (the superscripts indicate from which /^'^ 
they derive): 

^(1)= J2 k''tir{Cd{AdA+^A^) + i{£,aX + Xa^){AdA + {dA)A+^A'^) + 3id'^x{^XXX + ^XXX)} (7.8) 

r:m{r)=S 

^(4a) ^ fc[i,j,fe,i,] {i {■*:F'')A^'A'''&' + i i^aX'' - y'a^)A^'A'''A^' +id'^xX''a^X^'Al'&'} (7.9) 

^ J2 hi tXriCdA + iA^crA + iAAa^) + (CcrA'' - X''a^) tr^(AdA + | A^) 

r:m(r)=2 _^^4^ tr^(AA) + 2A'' tr^(AAO + c.c] } (7.10) 

= {(*i^*f)(^Jf Q-^ + C^fS") + (CcrA*' - A*V^)AJfS'' 

+d'*a; (i A^fcr^A^fg;^ + iA^'cr^^yl^f - X'^i^^C^' + c.c.)} (7.11) 
^(5) = k\^^^^ {{i.dB''){-kdB^) tir{CdA + iA£,aX + lAXaS,) + 2i(*dB'^)(Vi^^- ^/) iVr{AdA + | A^) 
r:m(r-)=2 _^^4^ [2i Vi'^^H^ tr^(Aa''A) + P"*- tr^(AA) + C.C.] } 

with = v^'-e + i r (^^M + i^/^'^)'' ^^"^ + 3 (^^" - i'^D + i v'''^'*^ (7.12) 

= d^j. 1 1 c^A^jA pAj ^ 2iAj;^ A^-^ ^'^'"'2? - 2iC'^A-''-^D 

-i C'-(PA^-) + 2ea^y-A^- + c.c.} i?[.,,,](r) (7.13) 
^1(6'') = d''x{\Ql^ [I?",:D«] + 4iB;,$a'^''I? - 21^^" + 2i<^»^P + c.c.} i?„(T) (7.14) 

= d^a; {C'^V"^ - AiA'if- ^a^V + 8A'^^ [Ai^{^, A) + :D^Bi^(T)] 

+ d'^x {C'^& + 4iAjf ^CT^P + S^A'-^) [A;^ ((^, A) + D'^B'i^ (T)] (7.15) 
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where Fi[iAjA]{T) and Ra{T) arc functions as R{T) in lemma 6.6, Ai^{(p,X), Bi^{T), A^^{(p,X), B[^(T) are gauge 
invariant and Lorcntz invariant functions, c.c. is used as in lemma 6.9, and 

C = C'T^'\ Q°=d,x''Q^, ac.c.=dx^a^^^, A'=dxt'A'^, A = A'T^''\ (7.16) 
-kF^ = \ dx''dx''ei^^p^F^P'', B" = \ dx^^dx^B^^, i.dB" = dx^'H^. (7.17) 

We leave it to the reader to work out the antifield dependent terms of the representatives of //""^'^(sextM) and 

H^'^^isextld) and add the following comments: 
(1) 

a) L CM contains "Chapline-Manton" couplings between the 2-form gauge potentials and non-Abelian Chern-Simons 
3-forms of the type frequently encountered in supergravity models, see, e.g., [22-25]. 

(1) 

b) L SYM contains the cubic interaction vertices of standard super- Yang-Mills theories. In particular it gives rise 

to deformations of free supcrsymmctric gauge theories to standard non-Abelian super- Yang-Mills theories, with the 
coefficients k^iijiks] becoming the structure constants of the non-Abelian gauge group (the Jacobi identity for the 
structure constants arises at second order of the deformation, cf. [26]; see also comment h) below). 
(1) 

c) L St gives rise to the supersymmetric version of the Stueckelberg mechanism [27] for 2-form gauge potentials. 

(1) 

d) Z/FT contains the trilinear vertices s^'^^'^ H^H^^Bp^ of "Freedman-Townsend models" [28,29]. In particular it 
yields deformations of gauge theories for free linear multiplets to supersymmetric Freedman-Townsend models as 

derived in [30 32]. 

(1) 

e) One may distinguish four different types of functions L Noe,CM',cs,Fi, depending on the functions i?i^(T) they 
involve. The simplest choice is i?i^(T) = fc,^ e C. It yields Fayet-Iliopoulos terms [33]:^^ 

iFi= -i/e^^PA'^. (7.18) 

All other choices lead to terms containing couplings A^^^jf^ of Abclian gauge fields to conserved currents j^^ = 
(l/2)CT^^[I>",P"]i?j^(T), cf. comment b) in section 6e. Generically these conserved currents are nontrivial Noether 
currents (up to trivial currents). The only exceptions are the currents which arise from i?j^(T) = —^ki^a^t^" + 
kiAj^ai-^X^'^tl)"' + iP'^-i/S" - i(l)°''DX^^), see (6.39) and the text before that equation. These iJj^'s yield Chern-Simons 
type couplings between Abelian gauge fields and the 2-form gauge potentials, and Chapline-Manton couplings of the 
2-form gauge potentials to Abelian Chern-Simons 3-forms: 

Lcs= h.^AifH'^^^ + ■ • • = 5 ki^aS^-'P-Aifd^B;, + ... (7.19) 

LCM'= -2ki,j,ae^-'P^A'-Fi-H: + ... (7.20) 

An example for a deformation involving a nontrivial Noether current arises from Rij^iT) = i ki^^aiX'^'tp'' + X^'ip"-) 
which yields 

i Noc= 2h^,,aA'^^F''^-'H^ + ... (7.21) 

Supersymmetric models with these interaction vertices were constructed in [32] . 

f) The invariants (7.6) have been termed "generic" because there are infinitely many of them, with arbitrarily high 
mass dimensions. For instance, an invariant with mass dimension 8 arises from a constribution trr(AAAA) to Bi, 

V^VhrriXXXX) = tVrilGFp^Fp^F^PF''^ - AF^^Fp^F^"" F^" + ...). (7.22) 

In the formulation with the standard auxiliary fields (see section 9), all invariants (7.6) can be written as off-shell 
invariants, cf. comment c) in section 6e. Hence, in that formulation deformations (7.6) preserve the form of the 
supersymmetry and gauge transformations. Notice also that they can be written as standard superspace integrals in 
a superfield formulation (D^ and V'^ then turn into superspace integrals j d^9 and J d^9). 



^In the formulation with auxiliary fields VX^'^ is proportional to the auxiliary field D'^^ , cf. section 9. 
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g) (7.8) is a supcrsymmctric generalization of the non-Abclian chiral anomalies. Remarkably it is not accompanied 
by antifield dependent terms, i.e., it is already a complete representative of i?^'^(sext|c^)) whether or not one uses 
auxiliary fields (alternative forms and discussions of supersymmetric non-Abelian chiral anomalies can be found in 
[34-52,2,53-55]). I note that (7.8) has a direct generalization in supergravity [17,12]. 

h) (7.9), (7.10) and (7.11) are present only when the Yang-Mills gauge group contains Abelian gauge symmetries 
under which all matter fields are uncharged. They are unlikely to represent anomalies of quantum theories but give 
important restrictions to consistent deformations at higher orders in the deformation parameters. In particular (7.9) 
enforces at second order that the coefficients k^i^j^^t] in ('7-2) satisfy the Jacobi identity for structure constants of a 
Lie algebra, cf. [26]. 

i) (7.12) may be viewed as an analogue with ghost number 1 of non-Abelian Chapline-Manton type couplings (7.1). 
j) (7.13) is the analogue with ghost number 1 of the couplings (7.5). Owing to the antisymmetry of R[i^j^]{T) 

these representatives exist only if the Yang-Mills gauge group contains at least two Abelian factors. As in the case 
of the couplings (7.5) one may distinguish between different types of representatives (7.13), depending on the choice 
of R[i^j^]{T). The simplest choice is i?[i^j^](T) = k[i^j^] £ C and gives the analogue with ghost number 1 of the 
Fayet-Iliopoulos terms (7.18): 

hiAjA] [-iC'^'DX^^ + 2(^(7" A'-^ + X'^a^'i)Ajf] d'^x. (7.23) 

All other choices yield representatives containing conserved currents given by (6.39), (6.40) or Nocther currents such 
as in (6.41). The representatives arising from (6.39) do not contain antifields and are somewhat reminiscent of chiral 
anomalies because they read 

kii^j^]aC'^A^^dB'' + ... (7.24) 

The representatives arising from (6.40) may be viewed as an analogue with ghost number 1 of Abelian Chapline- 
Manton type couplings (7.20). They read: 

k[i,j,^kAaC'^A^HdA''-){^dB-) + ... (7.25) 

The representatives containing the currents (6.41) read 

k[iAiA]naC'^^^^ {*dA''){*dB'^) + ■■■ (7.26) 

k) Similarly there are several types of representatives (7.14). The simplest arise from Ra{T) = ka &C and read 

2ika{il^''^-md''x. (7.27) 

The other representatives (7.14) involve conserved currents and are of the form 

d'x {Qlj^ + ...), j,^ = i a^^.[V",&']Ra{T). (7.28) 

Again, one may distinguish between representatives containing the currents (6.39), (6.40), or Noether currents such 
as in (6.41). Those with the currents (6.39) are not accompanied by antifields and explicitly given by (one can assume 
kab = k^ab] because the part with fej-^tf,) is trivial): 

k[,b] [Q^dB" - iB-^.i^a^-'ijb + ^a^''i>b)d'x + Ti^i^i'' - i^'Od^x] . (7.29) 

1) The representatives (7.15) are the counterparts with ghost number 1 of the invariants (7.6). The simplest 
nontrivial representatives (7.15) arise from Ai^ = ki^ G C, A'^^ = k^^ G C, Bi^ = S-^ = 0. They read 

8{h,^X'-+klJ'-0d*3:. (7.30) 

Significant representatives (7.15) are in particular the supersymmetric generalizations of Abelian chiral anomalies. 
They arise from Ai^{^,X) = -ifc[^tr,(AA) - i/c(,^,^;,^)A^'-^A'^^, A'^J^,X) = iA:r^tr,(AA) + ik^.^^^^^^X^^X'^^ , B,^ = 
B[^ = 0. This yields supersymmctrized Abelian chiral anomalies in a form as in Eq. (5.14) of [1]. By adding a 
coboundary of if ^'^(sext|<^) to these anomalies, they can be brought to a form analogous to (7.8) as can be inferred 
from (B.70). 

m) Notice: when the Yang-Mills gauge group is semisimple and no linear multiplcts arc present, (7.6) and (7.8) 
exhaust the nontrivial representatives of iJ°'^(sext|c^) and if ^'^(sext|<^), respectively. Indeed, all other representatives 
require that the Yang-Mills gauge group contains Abelian factors or that linear multiplets are present. Recall that the 
representatives (7.6) can be written as off-shell invariants when one uses the auxiliary fields, sec item f). Hence, these 
off-shell invariants provide all Lorentz-invariant and N=l supersymmetric deformations of standard super- Yang-Mills 
theories with semisimple gauge group (to all orders!). 
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8. REMARKS ON THE COHOMOLOGY IN NEGATIVE GHOST NUMBERS 



In [5] it was shown that the standard (non-extended) BRST cohoinological groups i?P~"'"(s|(i) in n-dimensional 

theories for negative ghost numbers are isomorphic to the characteristic cohomology in form-degree p {0 < p < n) 
whose representatives are conserved local p-forms {div^ « 0). The cohomological groups H^~''^'*{sext\d), < p < 4, 
have a similar interpretation: they correspond to conserved local forms that are invariant under N=l supersymmetry 
and Poincare transformations up to trivially conserved p-forms. To show this we use that each representative of 
HP^'^'^(sext\d) is related through the descent equations for Sext and d to a local p-form lv'^'P with ghost number 
which satisfies Sextw"^'^"*"^ + div^'P = and Sextw"'^ + du)^'P~^ = (see proof of lemma 3.1). The parts of these 
equations with antifield number read (see section 6a for the notation): 

Suj-^'P+^ + dco^'" = ^ div^'P^O (8.1) 
7exta;o°'^ + <5a;^ + (ia;^'^-^ = ^ lexta;^ « -rfa;o''^-\ (8.2) 

where subscripts denote the antifield numbers (w^'^ is the part with antifield number k contained in cu^'P). Notice that 
cjq'^ has vanishing ghost and antifield number and thus does not depend on ghost fields, constant ghosts or antifields. 
(8.1) shows that it is conserved. Furthermore it is gauge invariant, N=l supersymmetric and Poincare invariant up to 
trivially conserved p-forms. This is seen from (8.2) because 7cxt contains the gauge transformations (with ghost fields 
in place of gauge parameters), the N=l supersymmetry transformations and the Poincare transformations (multiplied 
by the corresponding constant ghosts, respectively). 

Moreover Uq'^ is trivial in the characteristic cohomology (u;q '' w dujQ'^~^) iff the corresponding representative of 
HP~^''^{se:iit\d) is trivial in the cohomology of Sext modulo d. For p < 3 we had seen this already in section 6a where 
we found that H~^'*(scxt\d) and i/~^''*(scxtM) are isomorphic to the characteristic cohomology in form-degrees 1 and 
2, respectively. For p — 3 the assertion can be proved by the arguments used in the proof of lemma 6.2: one finds that 
the part of a nontrivial representative of if~^'**(sext|rf) is a nontrivial representative of Hf{S\dy^. As shown 

in [5], it thus corresponds to a nontrivial global symmetry and, via descent equations for 6 and d, to a nontrivial 
conserved 3- form containing the Noether current of this global symmetry-'^^. Hence, all nontrivial representatives 
of i?~^'^(sextM) correspond to nontrivial global symmetries of the action and nontrivial conserved currents. These 
currents are N=l supersymmetric and Poincare invariant up to trivial conserved currents (see discussion above). 
Accordingly the global symmetries corresponding to representatives of H^^'*{scxi\d) commute on-shell with the N=l 
supersymmetry transformations and the Poincare transformations up to gauge transformations^^. 

H~^''^{sext\d) and iI~^'^(sextM) were already given in lemma 6.2. H~^'^{sext\d) can be obtained from H^{sext,d) 
which has three types of representatives as one infers from lemma 6.9: f^^^ with P[^b] = ^[afc] G C which correspond 

to the global symmetries of the action under rotations acting on the indices a of the linear multiplets, /^^^ with 
p(4) = {l/2)kiijiC^'&^ (hat G ^) which correspond to the global symmetries under rotations of the indices if, and 
/(6) = OR{f) where, however, (6.35), (6.39) and (6.40) do not yield nontrivial representatives of i?-i'4(sextM) [(6.35) 
does not correspond to any representatives of iJ~^'^(sextM) because it is field independent, while (6.39) and (6.40) 
are trivial in H^{scxt,d) though nontrivial in H^{sext,'^inv)]- 

Comments: a) We just observed that the representatives of H~^'^{scxt\d) correspond to nontrivial conserved 
currents that are N=l supersymmetric and Poincare invariant up to trivially conserved currents, and to the corre- 
sponding global symmetries which commute on-shell with the N=l supersymmetry transformations and the Poincare 
transformations up to gauge transformations. However, the correspondence is not one-to-one because there arc con- 
served currents and global symmetries of this type which have no counterpart in H~^'^{sQxt\d)- Indeed, consider the 
currents j^" = d^cp". They are the Noether currents of the global symmetries under constant shifts of the (j)"". These 
shift symmetries are evidently nontrivial. Furthermore they commute with all N=l supersymmetry and Poincare 



Applying the arguments in the proof of lemma 6.2 to the case g = —1 one finds that the nontrivial representatives have 
fc = 1 (but not fc = 2 or = 3 because there are no Lorentz-invariant homogeneous polynomials of degree 1 or 2 in the constant 
ghosts). 

^^In this context a global symmetry is called trivial if it equals a gauge transformation (in general with field dependent 
parameters) on-shcU. A conserved current j'^ is called trivial if ~ dvS^^ for some local functions S"** = — S**". 

'^^Let /S.A be (infinitesimal) global symmetry transformations and j'X the corresponding conserved currents. One has Aaji's ~ 
0[A B] where is the Noether current of [Aa, Ab] and ~ is equality up to trivial currents [56,57]. Furthermore a current 

is trivial iff the corresponding global symmetry is trivial [5] . 
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transformations. Accordingly their currents arc conserved, nontrivial. and both N=l supcrsymmetric and Poincare 
invariant up to trivial currents, respectively. Nevertheless they do not give rise to representatives of i?~^'^(scxtM)- 
This can be seen in various ways. One way is the following: the corresponding representatives of if^(sextjT?) would 
have dimension —1 and be linear in the fields of the linear multiplets (this follows from the structure of the shift 
symmetries and their currents), and would thus inevitably have to be proportional to Ocj)"'; however, 0(j)°' is trivial 
in H^{sext,-S) for one has 0<j>'^ = — 2W = — 2scxt-R"- Another way is based on the algebraic structure which is 
associated to the local BRST cohomology and described in section 3 of [13]. In the present case this algebra links the 
representatives of H~^''^{s\d) corresponding to super- Poincare symmetries and the symmetries under constant shifts 
of the (^'s to the representatives -R^d^a; of H~^'^{s\d) in a nontrivial way (owing to the presence of (/)-dependent gauge 
transformations in the commutator of two supersymmetry transformations on S/m/) which obstructs the existence of 
representatives of //""-^'"^(sextM) corresponding to the shift symmetries. 

b) The p-forms cj"'^ mentioned above, which are related through the descent equations to the representatives of 
iJP~'^'^(sextM) for < p < 4, make up a complete set of field dependent representatives of ff°'P(sextM) for p < 4. 
This can be inferred from comment c) in section 3 using the result that H°{sext,d) is represented just by a number 
(the latter result follows from lemma 6.9, a number being a solution f^^^). 

9. OTHER FORMULATIONS OF SUPERSYMMETRY 

In this section it is shown that our cohomological results do not depend on the chosen formulation of supersym- 
metry. Alternative well-known formulations with auxiliary fields or linearly realized supersymmetry (in particular, 
the standard superspace formulation) lead to exactly the same results. The reason is that the additional fields and 
antifields which occur in these formulations give only rise to trivial pairs and thus do not contribute nontrivially to 
the cohomology, cf. section 6 b. 

a. Formulation with auxiliary fields 

Let us first discuss the formulation with the standard auxiliary fields so that the commutator algebra of the Poincare, 
supersymmetry and gauge transformations closes off-shell. These auxiliary fields are real fields for the super- Yang- 
Mills multiplets and complex fields for the chiral multiplets. The formulation with these fields difi'ers from the one 
used here through the following changes as compared to section 2: 

1. Field content: one adds the fields D\ F^, Fg and their antifields D*, F*, F*^. 

2. Lagrangian: 

L = -j k,F;,F^^''' + i 5ij{W^~X'a^\^ - A^a'^V^A^) + \ SijD'D^ 
+ V^c^V'cp + \ (V^xa'^x - X^'^V^x) ^\FF 

+ iD'cpTi^ + ^T,xA' - A'xTi^. (9.1) 

3. Extended BRST transformations of the fields: the only changes are in the transformations of Aa, Xa and their 
complex conjugates, and the addition of the extended BRST-transformations of the auxiliary fields: 

SextAj, = - !ik'C^\l + c'^S^Ai - \ c^-'ia^.XX - i^„D' + {ai^^OcFl, 

SextXa = - C%Xa + C^d^Xcc ' | c'"'{a^,x)a + - 2i(<T''0aV^^ 

Se.tF = - C%F + c^d^F - 2iV^x<7''f + ^X'^Ti^. (9.2) 

4. The extended BRST-transformations of the antifields are according to (2.23) obtained from an extended La- 
grangian which is now given by 

Lext = L- (Sext^^)*:;^ • (9.3) 
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The passage from the formulation with auxihary fields to the formulation without auxiliary fields is done by elimination 
of the auxiliary fields using the solution of their "extended equations of motion" derived from Lext and setting the 
antifields D*, F*, F* to zero. This amounts to the following identifications: 

Di = -\5ii{^Tj^ + A*C + ^A*), D* = 0, 

F=-^,x*, F = 4x*^, F*=0 = F*. (9.4) 

These identifications reproduce the formulae given in section 2 und turn representatives of the cohomologies H{sext,?) 
and H(scxt\d) in the formulation with the auxiliary fields into representatives of the same cohomologies in the formu- 
lation without auxiliary fields (see, e.g., section 15 of [5]). From the cohomological perspective, this reflects that the 
auxiliary fields and their antifields give only rise to trivial pairs (see section 6b). These trivial pairs are (£>*, Sext-D*), 
[F*,SextFs)' (-^s*) Sext-f^) their derivatives, for one has: 

Sext A* = + i imv^ + + fA*) + C^fji'^Dl + c^d^D* 
SextF* = lF-x*^ + C'F*Ti + ci'd^F* 

s^^tF* = lF + ^x*- C%F* + cf'di.F*. (9.5) 



b. Formulation with linearly realized supersymmetry 

The standard formulation with linearly realized supersymmetry (often formulated in supcrspace) uses complete 
real vector multiplcts in place of only the gauge potentials and the gauginos, and a higher gauge symmetry which 
gives rise to additional ghost fields. The linearized additional gauge transformations shift the additional fields of 
the vector multiplets by additional gauge parameters. As a consequence, the extended BRST transformations act 
on these fields as nonlinear ly extended shift transformations involving the additional ghost fields. The extended 
BRST transformations of the antifields of the additional ghost fields arc nonlinearly extended shift transformations 
involving the antifields of the additional fields of the vector multiplcts. Hence, all additional fields, antifields and 
their derivatives give only rise to trivial pairs. Elimination of these trivial pairs reproduces the familiar Wess-Zumino 
gauged models described in section 9 a. If one also removes the auxiliary fields as outlined there, one ends up precisely 
with the formulation as in section 2. Let us show this explicitly for the Abelian case with one vector multiplet and 
one chiral matter multiplet (linear multiplets need not be considered here because supersymmetry is already linearly 
realized on them). We denote the fields of the vector multiplet by V , (a, Z, A'^, A^ and D' and those of the chiral 
multiplet by ip' , x'a and F' , where V, A'^ and D' are real fields, while the other fields are complex. The ghost fields 
are denoted by A, Fq, and S and are all complex (they form a chiral supersymmetry multiplet). The extended BRST 
transformations of these fields are 





= i(A-A)+^C + « + 2^9^^ 




^extCa 


= r„ + c^a^Ca - \ c^'^(a^,c)a - (cT^0a(4 + ^d^v) - i^z 






= S + c'^a^Z + Ixd^^a'^l + 2iA'f 




Sext^/i 


= -a^(A + A) + S'd^A!^ - c/K - i e^^A' + i AV^e + '^^M ' 


CO 


SextKx 


= c'^d^X'^ - \ c'^'-ia^.XX - i^^D' + 2(cj<^^i)^d^A!, 




ScxtD' 


= c^^d^D' + ia^d^X' + d^X'a'^l 




ScxtV' 


= -2iA^' + c^a^^'+^x' 




•SextXa 


= -2iAxL - 2r„(^' + c:^^^^x'„ - \ c:^%a^,x')o. " 2i{a^iUd^^' 4 


-iaF' 


Sext-F^' 


= -2iAf ' + 2Fx' + 2E(^' + c^'S^F' - 2id^x''y'"l 




SextA 


= ci'd^K + i^r 




^ext-^a 


= ^d^T^ - i c^"{a^,T)^ + - 2((7'*0aa^A 




•Sext^ 







The presence of the shift terms i(A — A), r„ and S in s^^tV, SextCa and s^xtZ implies that (V, Sext^)) (Caj^extCa)) 
{Z,ScxiZ) and their derivatives form indeed trivial pairs. The same holds of course for (Cd, SoxtCd)? {Z,ScxtZ) and 
their derivatives. It is straightforward to verify that the following identifications reproduce the Sext-transformations 
of A^, ip, A, D, x, F and C given in (2.8), (2.13), (9.2) and (2.15) for the Abelian case (with C%ip = -idp etc): 
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A^ = A'^, Xa = X'^, D = D', C = -A-A + i^C-iCC, 

<p = eV, Xa = e''{x'a + ^Ca^'), F = {F' - 2Z^' - 2Cx! - KCv')- 



(9.7) 



The antifields of the additional fields give also only rise to trivial pairs, as one has 




W* + d^A*"' + 2a^rV^- 2i((p*V' + X*'x' + F*'F') 
-C*" - i^A* - 2ia^I]V''^ + 2^p'x*°" + 2x°"F*' 
Z* + r*^ + 2ip'F*'. 



(9.8) 



The non-Abclian case is analogous except that the extended BRST transformations of the fields receive further 
nonlinear contributions, and, as a consequence, the relation of primed and unprimed fields becomes more complicated 
(in particular A^, A and D do not coincide anymore with their primed counterparts). 



Even though our analysis was performed for Lagrangians (2.2), it is not restricted to these. In particular it applies 



where Gy((^)A'A^, P{ip) and K{ip,(p,4>) are gauge invariant hmctions. (10.1) is a generalization of the Lagrangian 
(2.2) which is still at most quadratic in derivatives but in general not power counting renormalizable as it contains 
terms such as {Gij{(p) + c.c.)F*j^F'"*''. The special choice Gij{(p) = 5ij /16, P{ip) = and K{ip, (p, cj)) = {(pip — ^*(/))/32 
reproduces the Lagrangians (2.2) after elimination of the auxiliary fields, up to a total divergence. Let us briefly 
indicate how one can apply our analysis and results to such models or even more general Lagrangians (7.6) containing 
terms with more than two derivatives such as (7.22), assuming that supersymmetry is not spontaneously broken (see 
comment below) and that the field equations satisfy the standard regularity conditions (see [7]): 

(i) The extended BRST transformations of the fields and constant ghosts are as in section 9 a when one uses the 
formulation with auxiliary fields (recall that the deformations (7.6) do not change the gauge or supersymmetry 
transformations when one uses the formulation with the auxiliary fields, cf. comment f) in section 7). 

(ii) The extended BRST transformations of the antifields contain the Euler-Lagrange derivatives of the Lagrangian 

with respect to the corresponding fields and are thus more involved than in the simple models (2.2). As a 
consequence the explicit form of the w-variables (see section 4) changes. A subset of these variables even may 
fail to be local in the strict sense of section 3 (because the algorithm [11] may not terminate anymore). This 
failure of locality does not happen for Lagrangians (10. 1)^'^ but it will generically happen for more general 
Lagrangians. In order to apply our analysis in the latter case one must relax the definition of local functions and 
forms accordingly. In particular this is necessary and natural when dealing with effective Lagrangians containing 
terms such as (7.22) multiplied by free parameters (coupling constants). One may then use the definition that 
local functions and forms are formal power series in the free parameters, with each term of the series local in 
the strict sense, cf. the remarks on effective theories in [7]. 

(iii) The descent equations and lemma 3.1 hold also in the generalized models. 

(iv) The gauge covariant algebra (5.9) does not change because it reflects the extended BRST transformations of 
the ghosts which do not change. 

(v) The structure of the cohomological groups presented in section 6 a does not change because Soxt-Ra ^-^^ •SgxtC'^* 
do not change (this follows from the fact that the gauge transformations do not change). However, fab, f'ab, H°- 
and F'f can receive additional terms because of changes of the field equations. 



^ Lemma 4.2 still holds for these Lagrangians but the proof of the lemma is more involved than for the simple Lagrangians 
(2.2). Without going into detail I note that one may use the derivative order of the variables (rather than their dimension) to 
prove that the algorithm [11] terminates for Lagrangians (10.1). 



10. OTHER LAGRANGIANS 
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(vi) Subsections 6 b, 6 c and 6d evidently apply also to the generalized models. 

(vii) iJ(Ssusy, ^inv) if' ^till givcH by lemma 6.6, except for the possible modifications of and F"^^ mentioned above. 
Indeed, the results for 3 < 2 derive as before from the results in section 6 a and from Eq. (B.29) which holds 
also in the generalized models (the proof of that equation applies also to the generalized models). The results 
for (/ > 3 are solely based on the algebra (5.9) and the structure of the supersymmetry multiplets which do not 
change. 

(viii) Lemmas 6.7 and 6.8 apply without modifications also to the generalized models. 

(ix) The possible changes of lemma 6.9 are induced by the modifications of and i^*' mentioned above and concern 
the representatives f^^\ f^^\ /^^' and f^^\ /^^^ and f^^^ have counterparts also in the generalized models but 
their explicit form changes when iJ" receives additional terms (the additional terms cause changes of the X- 
functions occurring in /^^^ and f^^^; the existence of these representatives is still guaranteed by the vanishing 
of HB{ssusy,%nv) for 9 > 4). The existence and precise form of representatives /^^^ and depends on the 
modifications of and F*' and varies from case to case. However, the modifications of /'-''^ do not concern 
consistent deformations, counterterms or anomalies because there are no representatives /^^^ with ghost numbers 
4 or 5. The representatives /^^^ are mainly of interest for the deformation of free theories with Lagrangians of 
the form (2.2). 

Comment: In models with spontaneously broken supersymmetry the goldstino fields and their extended BRST 
transformations form trivial pairs (the extended BRST transformations of the goldstino fields substitute for the 
constant supersymmetry ghosts in the new jet coordinates {u'^ , , }) . As a consequence the structure of the 
extended BRST cohomology is essentially the same as its non-supersymmctric counterpart, provided one relaxes 
the definition of local functions and forms suitably, if necessary (see remarks above). The representatives of the 
cohomology are supersymmetrizations of their counterparts in the non-supersymmetric cohomology, similarly to the 
supersymmetrized actions constructed in [58-60]. 

11. CONCLUSION 

The major advances of our analysis as compared to previous work are: (i) we have computed the cohomology in 
the space of all local forms rather than only in the restricted space of forms with bounded power-counting dimension; 
(ii) we have included linear multiplets in addition to super Yang-Mills multiplets and chiral multiplets. Furthermore 
we have computed the cohomology for all ghost numbers even though the results for //^'^(sextM), 5 > 1 are currently 
only of mathematical interest as no physical interpretation of these cohomological groups is known to date. Let us 
briefly summarize the results for the cohomological groups i?°'^(sextM) and i?^'^(sextM) which are most important 
for algebraic renormalization, candidate anomalies and supersymmetric consistent deformations of the models under 
study. 

The results are particularly simple when the Yang-Mills gauge group is semisimple and no linear multiplets are 
present: then all representatives of H^'^(scxi\d) can be written in the form (7.6) (times the volume clement, and 
up to antifleld dependent terms in the formulation without auxiliary fields), and the representatives of if^'**(sextM) 
are exhausted by (7.8) (up to cohomologically trivial terms, respectively). Hence, for semisimple gauge group and 
in absence of linear multiplets, (i) all Poincare invariant and N=l supersymmetric consistent deformations of the 
action which preserve the N=l supersymmetry algebra on-shell modulo gauge transformations can be constructed 
from standard superspace integrals and preserve the form of the gauge transformations and N=l supersymmetry 
transformations when one tiscs the auxiliary fields (accordingly in the formulation without auxiliary fields only the 
supersymmetry transformations of the fermion fields get deformed as one sees by elimination of the auxiliary fields); 
(ii) all counterterms that are gauge invariant, Poincare invariant and N=l supersymmetric at least on-shell can be 
written even as off-shell invariants by means of the auxiliary fields and are constructible from standard superspace 
integrals; (iii) the consistent Poincare invariant candidate gauge and supersymmetry anomalies are exhausted by 
supersymmetric generalizations of the well-known non-Abclian chiral anomalies and these can be written in the 
universal form (7.8) whether or not one uses the auxiliary fields. These results are not restricted to Lagrangians 
(2.2) but apply also to a general class of Lagrangians and in particular to effective super- Yang-Mills theories with 
semisimple gauge group, sec section 10. 

When the Yang-Mills gauge group contains Abelian factors or when linear multiplets are present, there are a number 
of additional cohomology classes of i?°'^(sextM) and if^'*(sextM) whose representatives cannot be written as in (7.6) 
or (7.8). We have computed them explicitly for the simple Lagrangians (2.2) because they are particularly relevant to 
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the general classification of supcrsymmetric consistent interactions which naturally starts off from free models with 
Lagrangians (2.2). The antifield independent parts of the additional representatives are given in equations (7.1)-(7.5) 
and (7.9)-(7.15). From among these only the candidate anomalies (7.15) and a few special solutions are off-shell 
invariants or can be written as off-shell invariants by means of the auxiliary fields. The special off-shell solutions are 
particular representatives (7.5) given by the Fayet-Iliopoulos terms (7.18) and the Chern-Simons type representatives 
(7.19), analogous representatives (7.13) with ghost number 1 given in (7.23) and (7.24), and particular representatives 
(7.14) given in (7.27) and (7.29). All other functions (7.1)-(7.5) and forms (7.9)~(7.14) are accompanied by antifield 
dependent terms and may look somewhat different when one uses a more general Lagrangian (some of them might 
even disappear), cf. section 10. The interaction terms contained in (7.1) (7.5) include, among other things. Yang- 
Mills, Freedman-Townsend and Chapline-Manton vertices, and Noether couplings of gauge fields to gauge invariant 
conserved currents that are supersymmetric up to trivial currents. 

Finally we remark that the results derived in this paper are characteristic of theories with a particular supersym- 
metry multiplet structure on tensor fields which we have termed "QDS structure" (see [61] and proof of lemma 6.6). 
Indeed, when one reviews the derivation of the results one observes that, essentially, they can be put down to three 
central ingredients: the characteristic cohomology of the field equations in form-degrees smaller than 3 (see section 
6 a), standard Lie algebra cohomology (see section 6 d), and what we have termed supersymmetry algebra cohomology 
(see section 6 c) . While the characteristic cohomology and Lie algebra cohomology are not affected by the supersym- 
metry multiplet structure, this structure is decisive for the supersymmetry algebra cohomology. The QDS structure 
underlies the results for ghost numbers larger than 2 in lemma 6.6 and these results hold analogously for all models 
with QDS structure as can be inferred from the proof of the lemma. 

APPENDIX A: CONVENTIONS AND USEFUL FORMULAE 

Minkowski metric, £-tensors: 

ry^, = diag(l, -1, -1, -1), e''"'"' = el^"""!, £°i23 ^ 
e^^e'^ = 6i = diag(l, 1), Sa^e^'^ = 5^ = diag(l, 1) 

cr-matrices: 

^0 _ / 1 \ -A ^3 _ / 1 

'"-(.oij' '"-(^loj' -\i oj' '^-(^0-1 

(7^ =e '^e '^pi^y = j{(T'^cr —a cr ), <J = 4 (i7 cr —a a'^) 

Raising, lowering, contraction of spinor indices: 

i'a=ea0^^, r=£"''V'/3, i^a=e^ai>^ r=£"'^V^fl, V'X = rXa, i>X = i'aX' 



Lorentz vector indices in spinor notation: 



Grassmann parity: 

K:::an \=m + n + gh(X) + form-degree(X) (mod 2) 

Complex conjugation: 

xF = (-)i^ii^ixy 

Hodge dual: 

*((ix^i . . . dx'^-) = dx"' . . . dx''--e,,...,^_/'-^'- 

Symmetrization and antisymmetrization of indices: 
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rp \ ^ rp rp \ ^ / \sign{'K) rp 

' 7ves„ ' veSn 

Frequently used functions and operators: 

^p,v — 4 ^fjyupa^ ^ ) '— 'ju — g ^fj,vpa^ o o , ^ — 24 '^p-vpa^ o 

= ^\'' -y'd- E^.F'^^-' + ,5^"f (-2 5^, ^a'^" a; - 2 E^, A^a'^''^ + S^^Jf + S C* ) 

= ~2er + 2 S^. i^a""^" + - i S^ff"^ 

O = 40 - 4 S^, (ea""^© + e^"''©) - ^ S^a^ . [I?" , P"] 
P = - 16 H^,, f ct'^'^C - 4i Ef, ia^V + EV^ =4iM-4i E^^a^^V + S 

I?Q;-transformations : 

V^X^ = + S'^ ^Tj^, D = 0, V^F;^+^ = -26'^ e^^p ^T^x^) , V^P"^-^ = -2i\/^^^\ 

APPENDIX B: PROOFS OF THE LEMMAS 

Proof of lemma 3.1: First we show that (3.1) implies descent equations of the standard form: 

Sexta;^'^ + = 0, s,^tio'+^'^ + cL;'+^'^ = 0, ... SextwS+^-™''" = 0, (B.l) 

for some local forms u}9+^~P'P and some form-degree m which is not a priori known but turns out to be necessarily 
whenever cj^'* is nontrivial (sec below). The descent equations follow from the so-called algebraic Poincarc lemma 
(cf. section 4.5 of [7]) which describes the cohomology H(d) (locally) in the jet space associated with the fields, 
antifields and the constant ghosts. It states that HP(d) vanishes locally^" in form-degrees p = 1,2,3 and that 
H^{d) is represented by constants which means in the present case that H'^{d) is given by €, the vector space 
of polynomials in the constant ghosts. One derives (B.l) in the usual manner: acting with Scxt on an equation 
Scxt^^^''^^'^ + duj^^^"P'P~^ = gives d{scxt^^^^^^^'^^^) = 0. If p — 1 > 0, the algebraic Poincarc lemma guarantees 
that there is a local form w9+6-p,p-2 g^^j^ ^^lat Se^ti^s+5-p,p-i _^ ^g+6-p,p-2 if ^ _ i = q, then the algebraic 

Poincare lemma alone only allows one to conclude Sextw^+*'° = M for some M G €. Nevertheless, one can assume 
M = without loss of generality, for the following reason: an Scxt-cxact function which depends only on the constant 
ghosts is necessarily the Sext-transformation of a function which also depends only on the constant ghosts because the 
Sext-transformations of the fields and antifields do not contain parts depending only on the constant ghosts; hence. 



Global aspects are left out of consideration in this work. They may be studied along the lines of [62,9]. 
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50x1^^^"*"^'° = M implies M = Sext-^ for some N G The descent equations (B.l) then hold with 0;®"'"^'° — A'' in place 
of Lo3+^'° as one has Sext(wS+*'° - N) = and SextW»+3'^ + d{uja+4,o _ iv) = 0. 
H{sext + c^) enters in the usual manner by writing (B.l) into the compact form 



4 

(sext + d)Q = 0, cj=y co^+^-P'P. (B.2) 



p—m 



Using standard arguments (see [63,10,7]) one deduces that (sext + d) is isomorphic to if*'"^(sextM) © -ff(sext) S)- 

The isomorphism between i?(sext + d) and H{sext,d) rests on the fact that (sext + c^) arises from Sext on all variables 
except for simply through the substitution ^ + dx'^ ?^ Apart from this substitution, the only difference 
between (sext + c^) and Sext is that one has {sQ^i^+d)x^ = dx^ but Sexta^^ = 0. However, this difference does not matter 
because x** drops essentially from H{sext + d). This is seen after changing variables from c^^ to = c^^ + dx^ — x'^c^^ 
(with all other variables left unchanged). Using the new variables, (x'^,dx'^) become trivial pairs which drop from 
H{sext + d) by the standard arguments (see section 6 b) because the x'' and dx'^ form "(sext + (i)-doublets" due to 
(sext + d)x^ = dx^, and the (soxt + d)-transformations of the other variables do not involve x^ or dx^ when expressed 
in terms of the new variables (one has s^xt + d ^ c^d^^ + . . . , except on x''). 

Hence, one has H{sext + d) — H{sext + d, d) where 5 is the analog of ^, with c'' in place of c^. The isomorphism 
-ff(sext + d,^) ~ H{sext,d) is uow evident, since (sext + d) acts in exactly in the same manner as Sext acts in 3" 
(modulo the substitution c^^ — > c''). 

Proof of lemma 4.1: [5^, d^] = implies the following identities: 

[9t^-]^r = (m + n + 2)nZ™, 
[9i,9;]zr = (m-n)nZ-, 

a+alzr = in(m + 2)nzr + a+aiz™, (b.s) 

These identities can be used to construct a basis for the derivatives of a field or antifield: every fcth order derivative 
can be expressed as a linear combination of the components of polynomials of degree k in the operations d^, dt, d^, 
dZ applied to the field or antifield; using (B.S) one can c;onstmct an appropriate basis of these polynomials; the it's, 
linearized f's, and W(o)'s just provide such a basis for the derivatives of all fields and antifields. For instance, consider 
a scalar field cp and its antifield 0*. Using (B.3) one verifies straightforwardly that bases for all derivatives of (f) and (j)* 
are Up,,p^'(d+)'^cl) and Up^qaP{d+)'^(p* , respectively. Up^gOP {d+)'' (j)* is contained in {u^}. One has Soxf/)* = -□0+ • • • 

and thus Sextl^^(c^+)^0* = —OP+^[d^)'^4> + Hence the set of the linearized variables = Scxtu^ contains a basis 

for all derivatives of ^ except for the (9^ )''</). The latter are contained in {w^q^}. Analogous arguments apply to the 
other fields and antifields, see [12] for further details. 

Proof of lemma 4.2: We only need to prove that the algorithm in section 2 of [11] produces w's that are local 
functions (eq. (4.1) holds by the algorithm). This can be done along the lines of section 3 of [11] using the following 
dimension assignments: 

(B.4) 



X 














dim(X) 


-1 


-1/2 





1 


3/2 


4 — dim($^). 



With these assignments we have: (i) Sext has dimension 0, (ii) all u's, u's, W(o)'s with non-positive dimension have 
positive ghost numbers and dimensions > —1, (iii) all m's, w's, W(o)'s with negative ghost numbers have dimensions 
> 5/2. Because of (i) and since Sext has ghost number 1, each w- variable constructed by means of the algorithm in 
[11] has a definite dimension and a definite ghost number. Properties (ii) and (iii) imply that there are only finitely 
many monomials in the u's, w's and W(o)'s with a given dimension and a given ghost number. Hence, each w-variable 



^'^This is a direct consequence of the presence of spacetime translations in Sext: Sext contains the translational piece c'^d/j, 
(except on x^) and thus (sext + d) contains {d^ + dx^)d^. 
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is a finite sum of such monomials and thus a local function. 



Proof of lemma 5.2: s^^^ = and (5.6) imply 

= Sl^fif) = (SextC^)AM/(f ) + (-)l^' + lC^C^AArAM/(f ) 

= (sextC^)AM/(f ) + i (-)l^l+iC^C^[A;v, Am}^) (B.5) 
where |M| is the Grassmann parity of Am and [ , } is the graded commutator: 

[A;v, Am} := A;vAm - (-)l^l 1^' AmA^v- 
The transformations of the C's have the form 

SextC^ = i (-)l^l + lC^C^.FArM^(T) (B.6) 

for functions TNM^{f) which can be read off from (5.1), (3.4), (2.19), (2.20) and (2.21). Since (B.5) holds for all 
functions f{T) and since the are independent variables, we conclude 

[An, Am} = -J'nm'' {f)Ap. (B.7) 
This yields (5.9) when spelled out explicitly. 

Proof of lemma 6.1: The lemma is proved exactly as the corresponding results in [5] (see also [15]). Wc shall 
therefore only sketch the basic ideas and refer to [5] for details. 

The results for fc > 3 follow from the general theorems 8.3, or 10.1 and 10.2 in [5] because the models under study 
have Cauchy order 3 and reducibility order 1 in the terminology used there (the proofs of these theorems given in 
[5] apply also in presence of the constant ghosts because the latter are inert to both 5 and d). To prove the results 
for A; = 3 and k = 2 we first consider the linearized theory and derive H^{5^°^d) for A; = 3 and k = 2 where (5^°^ is 
the Koszul-Tate differential of the linearized models (the 5^"^ -transformations arise from (6.2) by linearization). The 
cocycle condition in H^{5^^^\d) is + dijj\_-^ = and reads in dual notation 

(5(°Vfe + «_i=0, (B.8) 

where we used = d'^xfk and u}'l_i — {1 / &)dx^ dx'^ dx'^ e ^upa f^_i, i.e.. fk and f^_i are local functions (rather than 
forms) with antifield number k and /c — 1, respectively. One now considers the Euler-Lagrange derivatives of (B.8) 
with respect to the various fields and antifields. In particular, the Euler-Lagrange derivatives with respect to ii*, 
(5a^, -B*^'', B^j,, C* and A*^ yield the following equations, respectively: 

^(0) ^ = (B.9) 
dRl 

S(°)S^=id.^ (B.IO) 

dQT ^ dRl ^ ' 

OBT^ "dQl- dQT 

J^ = -^^'^' ^""'^^p'^'d^d, (B.12) 

^(0) ^ = (B.13) 

^(0) df^ =d^^ . (B.14) 

We discuss first the case A: = 3. d/s/dR"^ has antifield number 0, i.e., it does not depend on antifields. (B.9) is thus 
trivially satisfied and imposes no condition in the case A; = 3. d fa/ dQT has antifield number 1 and thus S^^Wf^/dQT 
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vanishes on-shcU in the linearized theory. Hence (B.IO) imposes d^{dfz/dR*^) w^"-' where is equality on-shell 
in the linearized theory, i.e., dfz/dR*^ are cocycles of the characteristic cohomology (= cohomology of d on-shell) of 
the linearized theory in form-degree 0. According to theorems 8.1 and 8.2 of [5] (or theorem 6.2 of [7]), the vanishing 
of _ff|((5''°^ implies that the characteristic cohomology of the linearized theory is in form-degree represented just 
by constants, which in our case are functions of the constant ghosts. This gives 

|^=r(c,e,0 + <5^°V, (B.15) 
dRl 

for some local functions with antifield number 1. Using (B.15) in (B.IO) and proceeding then as in section 9 of [5], 
one eventually obtains 

h = r (c, e, OK + '5^°^.94 + , (B.16) 

for some local functions and gg with antifield numbers 4 and 3, respectively. Hence, i?|((5*-°^ |(i) is represented 
just by the 4-forms k"-{c,^,^)Rld'^x. Owing to 6RI = 6^°'>Rl, this result for Hf{S^°')\d) extends straightforwardly to 
H^{6\d) which proves the assertion in (6.3) for k = 3. 

The case k = 2 can be treated analogously. 8/2 /dR* vanishes (/2 has antifield number 2 and thus cannot depend on 
i?*) while df2/dQl^ and df^/dC* do not depend on antifields. Hence (B.9), (B.IO) and (B.13) are trivially satisfied 
and impose no condition for k = 2. (B.14) imposes that df2/dC* are cocycles of the characteristic cohomology of the 
linearized theory in form-degree 0. Analogously to (B.15) we conclude 

^^=k\c,a) + 5^'h\, (B.17) 

for some local functions g\ with antifield number 1. (B.ll) imposes that dx'^df2/ dQ*J^ are cocycles of the characteristic 
cohomology of the linearized theory in form-degree 1. The latter is isomorphic to H^[5''^^\d) and this isomorphism is 
established through descent equations for (5^"' and d (again, see theorems 8.1 and 8.2 of [5] or theorem 6.2 of [7], and 
the proofs of these theorems). Using the result for H^{5^^^\d) which we just derived and the fact that the descent 
equations for ^^^^ and d relate R^d'^x to the 1-forms dx^^Ha/j,, we conclude 

^ = k^\c,^,OH,^+d(°^g';,^,+d^gS , (B.18) 

for some local functions 5° ^ and gQ with antifield numbers 1 and 0, respectively. Inserting (B.18) in (B.ll) and using 
that df_,Hai, - di,Ha^ = e one obtains from (B.ll) (owing to the acyclicity of 6^°^ in positive antifield 

numbers, see, e.g., section 5 of [7]): 

^fe: = -k^'ic, O^^upaB^ - %9l,x + d,9l,x + -^^"^^..s , (B.19) 



for some local functions g1^j,^2 '^ith antifield number 2. Using (B.19) in (B.12), the latter gives (again owing to the 
acyclicity of (5^°) in positive antifield numbers): 

= \ dab k'"'e>'^'"'dMlp - 1 5ab dpd^''g>'"^\2 + ^(°)<3 . (B.20) 

for some local functions 3 with antifield number 3. Using (B.17) through (B.20) and proceeding then as in section 
9 of [5], one obtains 

h = k\c, ^, oc* + i [^"(0, e, i) - k''-{c, 1 0]Q7Hb^, 

-i fc"''(c,^,Ow^:'"'^r" + ^'"'53 + d^g^ , (B.21) 

for some local functions 173 and (73 with antifield numbers 3 and 2, respectively. Hence, i7|((5("^ jd) is represented by 
the 4-forms k^{c,S,,^)C*d'^x and fcl"**! (c, ^, ^)/abd^x with fab as given in the lemma. k^'^'^\c,^,£,)fabd'^x is a cocycle of 
H^{5\d) owing to = and 58*^"" = 5^^^B*J"'. In contrast, (5(°)Cf and 5C^ do not coincide except for 
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i = if. The nonlinear terms in 5C* for other i obstruct the completability of these terms to cocycles of -ff|(^|rf), see 
section 13 of [5]. This yields the result for A: = 2 asserted in (6.3). 

To prove (6.4) we take the Euler-Lagrange derivative of R*k"'{c,^,^) = 6g4 + d^g^ (which is equivalent to 
R*ak''{c,^,^)d'^x ~ 0) with respect to R*^. The result is 

fc"(c,C,a = -'^|^- (B.22) 

The presence of S implies that the right hand side contains only terms that arc at least linear in fields or antifields, 
unless it vanishes. Hence both sides of (B.22) must vanish which gives /c"(c, ^,^) =0. 

(6.5) can be proved in an analogous manner. The Euler-Lagrange derivatives of fc'^ (c, ^ + fabk^"^^ (c, ^, = 
+ dng2 with respect to C,* and Q*^ read, respectively: 

(B.23) implies k^^{c,£,,^) = by the same arguments as in the text after (B.22). (B.24) states that the 1-forms 
dx^Hi,^k^°'^\c, are trivial in the characteristic cohomology. This is equivalent to the statement that the 4-forms 
d^xRlk^°'^\c,^,,£,) are trivial in H^{5\d), see text before (B.18). Using (6.4), which we have already proved, we thus 
conclude from (B.24) that the fcl°''](c,^,0 vanish. 



Proof of lemma 6.2: We decompose the cocycle condition SextW^'* + dw^ ^'^ = into pieces with different 
antifield numbers. This gives 

+ = 0, 7extw|'^ + fcf:^! + d^r^'^ = 0, ... (B.25) 

where w^'^ and o;^ ^ '^ arc the pieces with antifield number k contained in cj^'^ and ^ respectively, and k is the 

smallest antifield number which occurs in the decomposition of w^'^. The first equation in (B.25) states that w^'^ is 
a cocycle of H^{5\d). Without loss of generality we can assume that it is nontrivial in H^{5\d) because otherwise we 
could remove it from a;^'* by subtracting a coboundary of /f^'^(SextM) from it (if w^'* = (Jw^^J'^ + dw^^ , consider 
w^'^ — Sextw^^i'^ — rft^fc'^)- Now, if 3 < —3, then fc > 3 (the antifield number of a form cannot be smaller than minus 
its ghost number). Since H'^{5\d) vanishes for fc > 3 according to lemma 6.1, we conclude that i73''*(scxtM) vanishes 
for g < —3. This yields the result for g < —3 in (6.6). If 5 = —3, then fc > 3 and lemma 6.1 implies that we can 
assume that fc = 3 and that w^^'^ is a linear combination of the 4-forms R*d'^x with numerical coefficients (constant 
ghosts cannot occur in these coefficients for g = —3 because R* has ghost number —3). Since R*d'^x is a cocycle 
not only of H{6\d) but also of H{sext\d) (owing to SextRl = {S + c''9^)i?* = ^^(iQ*^ + c^^RD), this yields the result 
for fl' = — 3 in (6.6). If g = —2, then fc > 2. Now lemma 6.1 leaves two possibilities, fc = 2 or fc = 3. In the case 
fc = 2 it implies that ci;^^'^ is a linear combination of the 4-forms C*^d'^x and fabd^x with numerical coefficients (as 
Cj* and fab have ghost number —2). One may now verify by direct computation that f^bd'^x completes fabd'^x to a 
cocycle of i?(sextM). Cld'^x is already a cocycle of H{s,^t\d) (owing to SextC* = (5 + c'^5^)C* = 9^(-A*'' + c'^C* )). 
In the case g = —2, fc = 3 we conclude from lemma 6.1 that OJ^"^'^ is a linear combination of the 4-forms R*d'^x 
with coefficients k'^{c,S,,^) that are linear combinations of the constant ghosts. Owing to 7oxt^a = (^t^i^-^^D^ the 
second equation in (B.25) imposes [jc^tk"" {c, ^, £,)]R*d'^x = S{. . .) + d{. . .), i.e., the triviality of [7oxtfc"(c, Ol-^a^^^ 
in H{S\d). This implies 7cxtfc"(c, according to (6.4) because 7oxtfc"(c, C) is again a function of the constant 

ghosts. 7extfc''(c, ^,f) = implies k°'{c,^,^) = since no linear combination of the constant ghosts is 7ext-closed as 
can be easily verified directly [or deduced from the Lie algebra cohomology of the Lorentz group, as 7ext contains the 
Lorentz transformations; see also section 6d]. This completes the proof of (6.6). 

To prove (6.7) we use that k°-R'^d'^x ~ is equivalent to fc^iJ^ = Sext/ + d^f^ (for some / and /'') and take the 
Euler-Lagrange derivative of the latter equation with respect to R*. This gives 

fc° = -s^^ S^- + c^Su S^- - 2S,(j>'£, . (B.26) 
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All terms on the right hand side depend on fields, antifields or constant ghosts while the left hand side is a pure 
number. Hence both sides of (B.26) must vanish and we conclude fc" = 0. 

(6.8) can be proved analogously by taking the Euler-Lagrange derivatives of the equation fc^'C,* + = 
Sext/ + dixf^ with respect to C^^ and Q*'', respectively. This gives 

/c^f = sext ^ - c^5„ + 2i ^a^^ (B.27) 

(B.27) implies k^^ = by the same arguments as the text after (B.26). Now consider (B.28). The ghost-independent 
part of that equation is of the form A;'"''lif^b = (5(. . . ) + 9^(. • • ) which implies fcl"''! = by the same arguments as in 
the text after (B.24). 



Proof of lemma 6.3: We use that i?^(Sext)S') is isomorphic to i?^~*'*(sextM) © H^ise^t,^), where the rep- 
resentatives of i?^~'''^(soxtM) and i/^(scxt,i?) are related through descent equations for Soxt and rf, see lemma 3.1 
and its proof. According to lemma 6.2, i?^~'*''*(sextM) is represented for 5 < 3 by linear combinations of R'^d'^x, 
C*df'x and f^^^d'^x. These 4-forms are related through descent equations for Sext and d to the 0-forms iH^Sab, F^'htjt 
and {l/2)H'^H'^5caSdb, respectively, as can be verified by direct computation. The contributions of H{scxt\d) to the 
cohomology groups iJ^(sext,5), < 3, are thus representatives kaH"' (for g = 1), and ki^F^^ + [1 / 2)k\^ab\H°' (for 
g = 2). The contribution of i?(sext, ^) is exhausted by complex numbers for 5 = 0. The reason is that Sext contains 
the Lorentz transformations which enforces that representatives of -ff(scxt, ^S) be Lorentz-invariant (as the Lie algebra 
cohomology of the Lorentz-algebra enters here, see section 6d for details); however it is impossible to build nonva- 
nishing Lorentz-invariants with ghost number 1 or 2 in £ owing to the Grassmann gradings of the constant ghosts 
(in particular, c'^c^ and ^"^a vanish). This leaves us with iJ°(Sext) which is evidently represented just by complex 
numbers because functions in <E with ghost number are pure numbers. This ends the proof since £ does not contain 
polynomials with negative ghost numbers. 



Proof of lemma 6.4: The proof is standard and uses a contracting homotopy q for the u's and u's. q is defined 
in the space of functions /(u, v, w) according to 



gf{u,v,w) 



^ dt I df{tu,tv,w) 



Owing to (4.1), one has 



dt 

{Seyct,Q}f{u,V,w) ^ I — 



f{tu, tv, w) = f{u, V, w) - /(0, 0, w). 



This implies 

SeKtf{u,V,w) = ^ f {U,V,W) = f {0,0, W) + SeKtQf{u,V,w), 

i.e., only the piece f(0,0,w) contained in an Sext-cocycle f{u,v,w) can be nontrivial. Owing to f{0,0,w) e 2B and 
Sext22J C 2n (the latter follows from (4.1)), one concludes i?(sext,S^) — i?(sext, SHJ). 



Proof of lemma 6.5: Since coboundaries of suo can be removed from (see text at the beginning of section 
6d), we conclude from (6.25) that we can assume = f^~Prjfr{(^j R) for some G 2^inv Using this in Eq. (6.18) 
we obtain {ssnsyf^'^)PrTfri^y^) + siie/m-i = 0. The latter implies Ssusy/'"^ = for all Z'"™ because of (6.26) (since 
jT^TrT g ij.^^^ implies Ssusy/'"™ G S^inv)- Assume now that f^"^ = Ssusy9 for one of the and some g € Tinv Then 
this can be removed from fj^ by the redefinition / — SextigPr^if^t P)] (this redefinition only removes the piece 
with from fj^ and modifies in addition fm-i)- Hence we can indeed assume without loss of generality that 
7^ SsnsyQ^^ for all . 
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Proof of lemma 6.6: The proof is based on methods and resuhs developed in [61] and [12]. Therefore we shall 
only sketch the main line of reasoning and refer for details to the respective sections and equations in these works. 

(i) The results (6.30) for g = 0,1,2 arise as follows. Owing to (6.28), nontrivial representatives of i?^(sext)i?) which 
are in Tinv are also nontrivial representatives of i7^(ssusy, Tinv)- For g = 0,1,2 these are given by lemma 6.3. In 
addition _ff^(ssusy , Tinv) contains functions / e Tinv which arc trivial in -ff ^ (.Soxt , i?) but nontrivial in iJ^(ssusy , Tinv): 
/ = Sext/3 for some /3, but not for any /3 € Tinv For g < 3, the latter are exhausted by (linear combinations of) the 
Abelian J^^s, up to trivial terms: 

( if 5 = 

/ = Sext/3, / e Tinv, P&d f={ Sext/3', € Tinv if 5 = 1 (B.29) 

[ h^P^ + Sext/3', /?' e Tinv if 5 = 2. 

This can be proved as an analogous result in appendix D of [12]. The basic ideas are as follows. One can assume 
j3 e 221, see lemma 6.4. The result (B.29) for 5 = simply reflects that 2U contains no function with negative ghost 
number, i.e., there is no /3 with ghost number —1. The result (B.29) for 5 = 1 holds because functions in 21J with 
ghost number can only depend on the T"s which implies /? = I3{T) G Tinv The result (B.29) for g = 2 is obtained 
by differentiation of / = Scxt/3 with respect to (7* or which yields Scxt{df3/dC'^) ~ and Scxt(9/3/9c^'') = 0, 
without loss of generality (see [12]). Using now lemma 6.3 and that d(3/dC^ and dfi/dc^" have ghost number in the 
case 5 = 2, one concludes that these expressions are complex numbers, and thus /3 = k'fi^ + k'^j.d^" + /3'{c,^,^,T). 
f = ScxtP € Tinv implies then k'^ = unless Si is Abelian, /c^^ = 0, and /?' G Tinv 

The results (6.30) for 5 > 3 are derived using a decomposition of the cocycle condition Ssusy/ = with respect to 
the degree in the translation ghosts P ( "c-degree" ) . Ssusj decomposes into pieces Sq, S+ with c-degrees —1, 0, 1, 
respectively, where Sq consists of two differentials b and b that involve ^ and ^, respectively: 

Ssusy = + ^0 + '^+, So = b + b, 

5_=2i^a''C"^, b = C1^c., b = ^"'Da, 6+=c''V^. (B.30) 

Here and act nontrivially only on the T's. To prove the results (6.30) for 5 > 3 one only needs the 

cohomology of 6- , and the cohomologies of b and b in certain spaces specified below. The cohomology of 6- was given 
in eq. (6.5) of [61] (see also [64]); it reads: 

5_/(c,e,0 = o ^ /(c,^,o = mo + W,0 + eM + j_5(c,e,0, 

e = c^'^(T^^, 1?" = c''(^a^)«, ^« = c''(a^O", (B.31) 

where nonvanishing P{^, 5), (5('!?, 5) and QM are nontrivial in H{6-). This result holds in the space of all polynomials 
in the c'', f", irrespectively of whether or not they are Lorentz-invariant. Of course, it holds analogously in the 
space of polynomials that can also depend on the T's because the latter are inert to 6- (in that space (B.31) thus 
holds with /, P, Q, M, g depending also on the T's). The cohomology of b is needed in the space of local functions 
of the ^" and T"^ which are invariant under sl{2, C)-transformations of the dotted spinor indices^^. This cohomology 
is given by 

bf{^, f) = l.^fi^, f)=0 ^ /(f, f ) - Ai^, A) + &Bif) + bg{i, f), 

h0B{f)=l^^g{lf)=Q, (B.32) 

where T^^ = ~\^^p^iJtv generates the 5[(2, C)-transformations of the dotted spinor indices (^^^V'-y = ~^-y(a'4'^) etc.). 
(B.32) can be derived from its linearized version which concerns the cohomology of the operator bo = (^"Da involving 
only the linear part of Va (i-c, DaT'^ is the part of 'Daf'^ which is linear in the T's; e.g., one has ^d^^ = 

^a0^''^ 'f'^^i^ ^^"^ -^"^4 ^ "'^1/^'-' ^'^'^ ^® given by: 



h is indeed a differential because of 6^ = (l/2)^"^''{Da,I'^} = which follows from (5.9). 
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bom T) = hpfil f) = ^ m, f) = A{^, A) + D^B{f) + logil f), 



(B.33) 



This follows from eq. (6.8) of [61] because the fa-representation on the has QDS structure in the terminology used 

there: indeed, the Da-representation decomposes into the singlets ip"^ and A* and infinitely many (D)-doublcts given 
by ((V+)«A%-(V+)9i^*(")), ((V+)«i^*W,2i(V+)9+iA'), ((VD't/)", (VD^VS"), ((V+)«?/'", (V+)«ff" - i(V+)''+i(i)"), 
((V|)«^",(V:j:)«:^"), ((V|)«x^-2i(V+)«+V') (where q = 0,1,...)- (B.32) follows straightforwardly from (B.33) 
by a standard argument: let / be a 6-cocycle; one can decompose / according to / = X^j.>j.(, fk into parts fk with 
definite degree k in the T's where fcg denotes the lowest nonvanishing degree of the decomposition; h f = implies 
hfko = 0; (B.33) implies fk,, = Ak,Xf. X) + D^Bk„{f) + bagko{LT) for some Ak„{(p, A), Bfe„(f ) and gkoi^T) that are 
l^^-invariant; one now considers f = f — Ako{(p,X) — V^Bk^iT) — bgko{£,,T); by construction /' is 6-invariant and 
its decomposition starts at some degree k'^ > ko; one repeats the arguments for /' and goes on until one has proved 
(B.32) with A = Ak„+Ak;^+...,B = Bk„+ B^^ +... and .g = gk„ + gk'„ + ■■■ 

Armed with (B.31) and (B.32), one can prove the results (6.30) for 5 > 4 as in section 6 of [61] (the arguments 
used in [61] go through in Tinv because all relevant operations used there commute with the Si) and for = 3 as the 
corresponding result in appendix E of [12]. 

(ii) The nontriviality and inequivalence of the cocycles 1, H'^, F'f and H'^H^, a < 6, in iJ(ssusy, 'Jinv) follows 
already from (6.10), (6.11) and (6.12). The nontriviality and inequivalence of the JT*^ in H{s susy,'^inv) can be 
shown as the corresponding result in appendix E of [12]. That JF*-^ is not equivalent to _F*f or H'^H^ can be 
deduced from its Sext-exactness, J^*-* = SextC**^: kifF^^ + ^kabH'^H'^ + ki^^^F^-^ = Ssusy"^ for some lu G Ti„v implies 
ki^F^' + i kabH'^H^ = Sext('^ — ^lA^^^) ^■nd thus fej, = k^ab] = by (6.12). This proves the assertion on the cocycles 
l,H'\F'i, and T'"^ in part (ii). 

Next we shall prove the assertion on OR{T). Assume that OR{T) = s^usy^ for some w e Tinv Notice that 
w is defined only up to the addition of Sgusy-cocycles in Tinv In particular we are free to add terms Ssusy/ with 
/ G Tinv to uj (owing to s^^yf = for / G Tinv)- Since w has ghost number 2 in this case, it decomposes into 

Wo + t^i + where subscripts indicate the c-degree. One has cjq = ^"^^'^afiiT) + ^"^"^^^(T) + ^°'£^^uj^p{T). The 

part of OR{T) = SsusyW with c-degree reads = Sqloo 4- S-OJi. This gives in particular fe[^"^'^cj^^^(T)] = 0. (B.32) 

implies thus ^"^^^^affC^) ~ some tj = f"?7ct(T) G Tiny. Without loss of generality one can thus set w^^(T') to 

zero because the latter can be removed by subtracting Ssusy?? from oj. Analogously one concludes that one can also 
set uJaf}{T) to zero. One is then left with loq = 'C"C"'^ad(^') which can also be set to zero because it can be removed 
from Lo by adding Ssusyffl with a ~ {\/ A)c"°'ijJaa{T). Hence, one can assume w = wi -I- W2 with S^oji = 0. Using (B.31) 
and that w has ghost number 2, one concludes loi = SdQ.i + for some functions fi" and fjj of the T's that 

are gauge invariant and transform under Lorentz transformations as indicated by their indices [wi cannot contain a 
(5_-exact piece because it has ghost number 2 and c-degree 1 and thus depends linearly on the supersymmetry ghosts 
whereas (5_-exact terms depend at least quadratically on them]. The part of OR{T) — SgusyW with c-degree 1 reads 
4ei?(f) = JoWi + 6-C02- This gives in particular = 0. Using (B.32) one concludes Clf = A^{ip, A) + &Bf{f) 
for some fimctions A'^{ip,X) and B^{f). Analogously one concludes f7f(T) = Af((^,A) +T>'^B^(T). Using this in 
40i?(T) = Sqoji +S^oj2 one obtains 40i?(T) + 8'db^li + 8dbri2 = S^uj2- By means of the (5_-cohomology one concludes 
R{T) = Pfii -|-I?f22 and UJ2 = —iCaaC" fjV'^Qf — ic" aC^^'D'^ri'^ [1^2 cannot contain a (5_-exact piece because it has ghost 
number 2 and c-degree 2 and thus does not depend on the supersymmetry ghosts]. Conversely, R{T) = VCli + 'DQ2 
with and ^2 as above implies OR{T) = Ssusy(wi -|- UJ2) with uux and U)2 as above. 

The assertion on + V^2 is proved in an analogous manner by decomposing the equation V^i + ^^2 = SsusyW 
into parts with different c-degrees. The parts with c-degree and 1 read = ^o^o -l- 5-W\ and = ^+a;o + 5oW\ +5-W2, 
respectively. As in the investigation of the case G = 3 in [12] one concludes from these equations that, up to trivial 
terms, one has wq = 0, wi = 326X(T), L02 = 8ic""(^«X'a + '&a'^a)X for some X = X{T) G Tinv Using this in the 
equation with c-degree 2 contained in VQ.\ -\- Pfl2 = SsusyW, one obtains 4i'!?t?(f]i — V'^X) — 4i'!?^(02 + 'D'^X) = 
— 8i'i?c[i?c[[I'", ^"]X -|- S^Lu^i. By means of the (5_-cohomology one concludes = V^X, ^2 = -V^X and 
UI3 = —AiEaai'D^j'D'^jX. Furthermore, using the algebra (5.9), one verifies that Sext(i^i +1^2 +W3) = {VV^ — V'D'^)X 
and concludes that 'POi -|- PQ.2 = SsusyW is indeed equivalent to Q.i = &X, fl2 = —T>^X (I note that one has 

Wl+W2+0J3 = SOX). 
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Proof of lemma 6.7: (i) Soxt/4 = implies (5_/4 = because (5_ is the only part of Scxt that lowers the c-degree. 
(B.31) implies that the cohomology of 6- is trivial for c-degrees larger than 2 because i?" and are anticommuting 
quantities. We conclude that is (5_-exact, i.e., /4 = 6-IJ5. This implies /4 = because 1J5 has c-degree 5 and thus 
vanishes. 

(ii) Existence of 774: s^xtih + li) = implies 5_/3 = 0, from which we conclude /s = i5_ry4 by means of (B.31). 
Consider now /' '■= fz + Ji — •''c>liV4- it is an Sext-closed function with c-dcgrcc 4. By means of part (i) we conclude 
that /' vanishes and thus that fs + /4 = Sext?74- Uniqueness of r]4- /s + /4 = Sext??4 and h + fi = SextJ?4 imply 
Sext('^/4 — ifi) =0 and thus 774 — 7/4 = according to part (i). 

Proof of lemma 6.8: We first recall the well-known Chern-Simons-polynomials qr{A^F) = 

m{r) dt tiriAF^^^'^ ^) with Ft = tF + (iP' — t)A^ for Yang-Mills connection forms A and the curvature forms 
F — dA + A^ . They satisfy dqr{A,F) = tr^F™'^''', sec, e.g., [65]. Now, written in terms of matrices, eq. (5.1) reads 
SoxtC* = —C^ + ^ which arises from F = dA + A^ by substituting Scxt, C and J- for d, A and F, respectively. The 
action of Sext on polynomials in the C and is thus isomorphic to the action of d on polynomials in the A and F 
(this statement refers to the free differential algebras of C"s and J^^s, and A's and F's, respectively). We conclude 

Sextgr(C,^) =tr^jr™('-), q,{C,T)=m{r) dttVr{CTr^''^-^), (B.34) 

JO 

for all r = 1, . . . , rank(0YM)- We shall now show that tr^-.F™'''^ vanishes for m(r) > 3. This follows from the explicit 
form oi J^: eq. (6.14) gives 

J' = F-\'&\- i^?A, F=\ c'^S'FI^tI;'''^ , (B.35) 

with 1}" and as in (B.31). Since 7?" and have c-degree 1, tr^.F™^''^ contains only terms with c-degree > m(r). In 
particular it thus vanishes for m{r) > 4 (since the spacetime dimension is 4 and the translation ghosts anticommute). 

For 777 (r) =4 one obtains: 

tr^JF^ = tr^(,?A + 7?A)^. (B.36) 

Since the t?" and 7?" arc four anticommuting quantities, (B.36) is proportional to the product of all these four quantities 
and thus to 7?7?7?7?. The latter object has c-degree 4, is bilinear both in the ^'s and the f's, and Lorentz-invariant; 
hence it is proportional to S^^ff which vanishes owing to = = (as the supersymmetry ghosts commute). We 
conclude that (B.36) vanishes and thus 

^j.^_pn(r) ^ Q fQj. ^^^^ > 4_ (B_37^ 

Eqs. (B.34) and (B.37) yield Sext9r = for m(r) > 4. 
For m(r) = 3, (B.34) gives explicitly: 

Sext [tr,((7F-2 - i C-SjT + ^ (7^)] = tr^jr3. (B_38) 
Evaluation of the right hand side gives, using (B.35) and the facts that 7?" and 7?" anticommute and have c-degree 1: 

tr,.f3 = /3 + /4, 

/3 = itr^(79A + 7?A)^ = -§trr{^hUn\\ + M^\XX), (B.39) 

where /4 has c-degree 4. Owing to Sext(trr.?"^) = (which follows from (B.38) because of s^^t = 0)' can apply part 
(ii) of lemma 6.7 to (B.39) and conclude: 

tr^jF^ ^ g^^^ [-3iStr^($AAA + fXXX)], (B.40) 

where we used that 

6-{2E^") = 7?i?7?", 6-{2E^6c) = i?^?i?d (B.41) 
which can be directly verified. Eqs. (B.38) and (B.40) yield Sext9r = for m{r) = 3 with q^. as in (6.44). 
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Proof of lemma 6.9: Let us first describe the general strategy of the proof. The derivation of the lemma starts 
off from our result that the part /m of an Sext-cocycle takes the form f^Pr{0,R) where are representatives of 
H{ssusy,'^inv) given by lemma 6.6. The seven types of representatives given in the lemma correspond to different 
representatives of H{ssusy, 'Jinv)- The proof of the lemma comprises two aspects: (i) determination of those func- 
tions f^Pr{e,R) which can be completed to inequivalcnt Sext-cocycles; (ii) explicit computation of these Sext-cocycles. 
These two aspects can be treated largely independently, i.e., basically one can carry out (i) without sophisticated 
computation. The computations (ii) concern above all the explicit determination of the X-functions given in the 
lemma and are partly quite involved. We shall only sketch the computation of the functions X^. The other X's can 
be analogously derived. 

(i) is carried out using results derived above, in particular lemma 6.6 (which implies already the existence of 

X-functions with the desired properties as we shall show in the course of the proof), and results on the standard (non- 
extended) BRST cohomology. The latter can be employed here because Sext includes the standard (non-extended) 
BRST differential s (the s-transformations cirise from the Sext" 

transformations by setting all constant ghosts c^, c^"^, 
to zero). A necessary condition for a function f E ^ to be an Soxt-cocycle is thus that it gives a solution 
to "complete" descent equations for s and d (where "complete" means descent equations involving a volume form) 
after setting c^"^, ^" and to zero and substituting dx^ for c'' (the reason is that the substitution c'' ^ + dx^ 
promotes an Soxt-cocycle to an (sext + (i)-cocycle, i.e., to a solution of complete descent equations for Soxt and d, see 
section 3). In particular this implies that a function Py{0,R) cannot be completed to an Soxt-cocyclc if there is 
no corresponding solution of complete descent equtions for s and d. Actually this statement can be refined because 
the relevant descent equations for s and d are those in the subspace of Poincare invariant forms^^ with an arbitrary 
dependence on the Lorentz-0's^'* (for the argument applies equally to an extended BRST-differential which involves 
the Poincare transformations in addition to s and arises from Sext 

by setting only the constant supersymmetry ghosts 

to zero). 

We shall now spell out the arguments more specifically, and separately for the various types of representatives: 

(1) The representatives /^^^ arise from functions k^Pr{9, R) with complex numbers k^, i.e., they involve the constant 
representatives of H{ssusy,'^inv) (5 = in Eq. (6.30)). Functions P{6,R) give rise to solutions of complete non- 

supersymmetric descent equations in four dimensions only if they do not depend on the Abelian C"s, nor on the 
Yang-Mills-0's with m(r) = 2, nor on the R's. The reason is that Abelian ghosts, R's or Yang-Mills-0's with 
m(r) = 2 lead to obstructions to the "lift"^^ of 0-forms P{Oc, dh, R) to solutions of complete descent equations 
where the 9c^s are the Yang-MiUs-ff's with C's in place of C"s (i.e., {ec)r oc tr^C2™(^)-i): if P depends on Abelian 
ghosts, the obstruction is encountered at form-degree 2 and given by F^^dP{6c, Oh, R)/dC'^^ where F^^ = dA^^ 
with A''^ = dx^^A^^ ; if P does not depend on Abelian ghosts but on i?'s, the obstruction is encountered at form- 
degree 3 and given by -iH''dP{0c,OL,R)/dR'' where = dB" with B'' = {l/2)dx'^dx''B^^; if P neither 
depends on Abelian ghosts nor on R's but on Yang-Mills-^'s with m{r) = 2, the obstruction is encountered at 
form-degree 4 and given by Er:m(r)=2 t^r-F^ dP{ec, Oi^)/d{ec)r where F = dA + A'^, A = dxi'AiTj;''\ Hence, 
in order that P can be lifted to a complete solution of the non-supersymmetric descent equations, it must only 
depend on the 9's with m{r) > 2 or the Lorentz-0's. Since the former can be completed to Sext-invariant q's, 
see lemma 6.8, and the latter are already Sext-invariant, one arrives at the representatives f^^\ 

(2,3) The representatives /^^^ and /^^^ arise from functions k^H°'Pr{0, R) with complex numbers k^, i.e., they involve 

the representatives of ff (sgusy, 2^inv)- These functions give rise to Poincare invariant solutions of the complete 
non-supersymmetric descent equations in four dimensions only if they do not depend on the Abelian C's and at 
most linearly on the ^'s through terms H^pI^^^ (0) + H^''R'''i P^^^^ {9) . This can be shown by arguments analogous 

to those used in section 13 of [7] where the standard BRST cohomology for free Abelian gauge fields was 
investigated. The latter leads, among other things, to the BRST-invariant forms ■kF^Pj{C) where F^ = dA^ 
are Abelian field strength 2-forms, -kF^ their Hodge duals and Pi{C) polynomials in the Abelian ghosts. The 
requirement that such forms can be lifted to Poincare invariant solutions of complete descent equations leads to 



Poincare invariance of a p-form dx'^^ . . . dx'^''LO[ij,^,,,i^^] means here that the coefRcient functions do not depend 

explicitly on the spacetime coordinates and transform covariantly under Lorentz transformations according to their indices 

^'*Since the Lorentz-0's are Sext-closed and d-closed, they can appear arbitrarily in the solutions of the descent equations. 
^^See section 9.3 of [7] for the terminology and a general discussion of "lifts" in the context of descent equations. 
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the equation di^iPj){C) = whose general solution is Pi{C) = diP{C) where dj = d/dC^, see Eqs. (13.18) and 
(13.19) of [7]. The standard BRST eohomology for the theories under study contains, among other things, the 
BRST invariant forms -kH°'Pa{R,9c,0\^)- The requirement that such forms can be lifted to Poincare invariant 
solutions of complete descent equations in four dimensions leads analogously to (i?, ^c", 0l) = and 

di^Pa{R,9c,6h) = where da = 9/i9i?" and di^ = d/dC-^ (otherwise the lift would be obstructed at form- 
degree 3 by F'^ ★ H^di^PaiR, ^C, 6'l) or at form-degree Ahy H"* H^daPb{R, Oc, dh})- Now, in contrast to the 
C^, the are commuting variables and thus the general solution to the first condition, which has the structure 



of Killing vector equations in a flat space with coordinates i?", is -P„(i?, 9c, 9i^) = P^ 



(2)/ 



while the second condition imposes in addition that Pi^^ and P^^^-^ do not depend on the Abelian ghosts. Let 
us now separately show how this leads to the representatives /^^^ and f^^\ 

derives from H''P^^\e). Completing the Yang-MiUs-fil's to the ^'s yields H^P^iq, 9^) (as P^'^\e) does not 
depend on the Abelian C"s). Since the H^s, q's with m(r) > 2 and Lorentz-^'s are Sgxt-invariant, one has 



^ext 



H^Pi'\q,9i.)]=-H'^ E trr(^') 

r:m{r)=2 



aPf^(g,gL) 

dqr 



(B.42) 



where we used that Soxt'Zr = tr,.J^^ for m(r) = 2. The functions H"" trr {T'^) which occur on the right hand side 
of (B.42) are Sext-closed elements of Tinv with ghost number 5. According to lemma 6.6 they are thus 
in linv, i-e., there are functions X" such that 



(B.43) 



Such functions are given explicitly in the lemma. Of course, they are determined only up to Sext-cocycles in 
Tinv However, this arbitrariness is irrelevant because adding such Sext-cocycles to X" results at most in adding 
a solution /*^^) and an Scxt-coboundary to f^"^^ [since has ghost number 4, lemma 6.6 implies that it is 
determined up to an Scxt-cocycle of the form V^'^ i + V^r,2 + SextK (with /i" G Tinv) which gives rise to a 
representative /'''^ up to an Sext-coboundary, see item (7) below]^^. The explicit computation of functions 
is sketched at the end of the proof. Using (B.43), the right hand side of (B.42) gives 



r:m(r)=2 

-Sext X 

r:m(r)— 2 



dqr 



dqr 



r:m(r)=2 
+ X^iXr'iJ"^) 



dqr 



adPi^\q,9^) , V- ^.a.„ ^^2,d'P^^\i,0^) 



r:m(r)=2 
':m(r') = 2 



dqr' dqr 



(B.44) 



Since both X" and trr'(J^^) contain only terms with c-degrees > 2, the last term in (B.44) has c-degree 4. 
Combining (B.42) and (B.44) and using part (i) of lemma 6.7, one concludes that this term vanishes and that 
is Sext-closed: 



':m(r)=2 
':m(r')=2 



a^Pi'^(g,gL) 
dqr' dqr 



= 0. 



(B.45) 



j(3) derives similarly from H'^ P^^^{9) . Again, we complete the Yang-Mills-0's in Pj^j^j to the g's and compute 
the Sext-variation of the resultant function: 



5ext 



^[a^^b] + ^ tr^(JP2) 

r:m(r)— 2 



_d_ 
dqr 



(B.46) 



For analogous reasons the arbitrariness in the X's occurring in other representatives does not matter. 
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The function H^°-'H!^^ is an Scxt-closcd clement of Tinv with ghost number 4. According to lemma 6.6 it could 
only be nontrivial in Xjnv if it were equivalent to a function of the form V^i + 'P^2- However, this is not the 
case: is quadratic in the fields of the linear multiplets and has dimension (using dimension assignments 

as in the proof of lemma 4.2); hence, in order to be equivalent to a function V^i +V^2, or Q2 would have to 
be given by V'^BiT) where B{T) would be quadratic in the fields of the linear multiplets and have dimension 2; 
hence B{T) would be a bilinear function in the however, owing to the antisymmetry of H^°''H}'^ in the indices 
a and 6, this bilinear function would have to be proportional to which vanishes since the (fPs commute. 

Hence, the functions ^["^''1 are Sext-exact in Tinv, i-e., there are functions X^°'^^ e Tinv such that 

ffl^H^'l = Sext^'"''!, ^["''leTinv. (B.47) 
Such functions are given explicitly in the lemma. Using (B.47) and (B.43), the right hand side of (B.46) gives 

Hl^n'^+Hi'^Rb] ^ tr,(^2) A]pg(g,0L) 

/AO 

r:m{r}=2 



r:m{r)=2 

d 



^[3(9,^^l) 



r:m{r)=2 



(B.48) 



where 



^(3) = ^ tr,(:p2) + ^[a^6]] [ab]y^^ 



r:m{r)=2 



dqr'dqr 



rv(r')=2 



(B.49) 



It is easy to verify that Z^^^ has c-degree 4 (in particular the term with c-degree 3 in Xl^'n''^ vanishes as it is 
proportional to Analogously to (B.45), we thus conclude from (B.46) and (B.48), using again part (i) 

of lemma 6.7: 



s,,,/(3) = z(3)=0. 



(B.50) 



(4) The representatives .f^^-* arise from functions kf^F^' Pr{8, R) with complex numbers kf^, i.e., they involve the 
representatives of -fr(ssusy, Tinv)- These functions give rise to solutions of complete non-supersymmetric 
Poincare invariant descent equations in four dimensions only if they are of the form F^'dP'^^^ {6, R) /dC'' where 
P^^''{9,R) can depend on all 6''s except for those Abclian C"s which are not contained in {C^^}- see section 13 
of [7] and section 8 of [14] (and also the brief discussion in item (2,3) above). Proceeding as in item (2,3), one 
obtains 



pis 



9PW(g,aee,gL,fl) 



d d 



dR'' 



^ ^ ,_2. d l5PW(^,C'free,^L,A) 



r:m(r)=2 



(B.51) 



Notice that the first term on the right hand side actually contains only the antisymmetrized products F^'^'J^^'^ 
because P^^^ / dC^' dC"^' is antisymmetric in if and j{ owing to the odd Grassmann parity of the C"s. Using 
lemma 6.6 one concludes that the Soxt-closcd functions fI*^ JT-Jfl, F'^W and F'^Hiri^^) which occur in (B.51) are 
Sext-exact in Tinv: F'^'H'^ and F^^tVr{J^^) have ghost number 5 and 6, respectively, and are therefore Sext-exact 
in Tinv by the result of lemma 6.6 for 5 > 5; the Sext-exactness of F^'^fJ^if'i in Tinv is seen using arguments as 
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in the text after Eq. (B.46): Fl^fjFJfl has ghost number 4 and dimension and is quadratic in the T's of the 
super- Yang-Mills multiplets which implies that it cannot be equivalent to a function V^li + Vfl2 because fli or 
il2 would have to be proportional to Al'^A-^'l which vanishes. Hence lemma 6.6 implies that there are functions 
Xfefl, X'f" and such that 

F^'H" = -scxt^''", e Tinv , (B.52) 



Such functions arc explicitly given in the lemma. Using the same reasoning that led us to Eqs. (B.45) and (B.50) 
one concludes from (B.51) and (B.52) by means of part (i) of lemma 6.7 that Z'^-* is Sext-closed: 

Sext/^^^ = 0. (B.53) 



(5) The representatives /'^' arise from functions k^f^H'^H''Pr{0, R) with complex numbers /c^^, i.e., they involve 
the representatives H"-!!^ of fl'(ssusy, ^mv)- In order to give rise to Poincare invariant solutions of the complete 
non-supcrsymmetric descent cqiiations, these functions must not involve Abelian C's because otherwise the lifts 
of the BRST invariant 2-forms A;^^(*if")(*if'')Pr(^C) C'Abeb ^l, R) to Poincare invariant solutions of the descent 
equations were obstructed by the 4-forms k^f,{-kH°'){-kH'')F''^dPr{Oc, CAbei, ^l, R)/dC^^. This leaves us in this 
case with functions H"' P^^^{6 , R) where Py^^{6,R) does not depend on Abelian C"s. The antisymmetry of 

P]^g_b] ™- ^'^^ ^ ^® '^^'■^ ^° ^^^^ anticommute since they arc Grassmarm odd. Substituting the 

^'s for the corresponding 0's and computing the Sext -variation of the resultant function gives 



^ext 



h"-h^p: 



dR 



T(r)=2 



dqr 



(B.54) 



The fmictions H'^H^TL'^ and H°-H^ tYr{^^) are Sext-closed elements of Tinv with ghost numbers 5 and 6, respec- 
tively. Using lemma 6.6 we conclude that they are Sext-exact in Tinv Hence there are functions Xl"*-!^ and xl"*"' 
such that 



(B.55) 



Such functions are explicitly given in the lemma. Using (B.55), we obtain: 



d 



+ V tr.(^^ ^, 

r:m{r)—2 



d 



d_ 



^S(^.^L,^) 

^ 1 -(5) , 



— 5ext 



(aextXl-^l^) ^ + Y: (^ext4"^l)^JPS(«,^L,A) 



r:m{r)—2 

, „ dP^"'(q,9L,R) 
j^[ab]c _ lab]^'' ^' ^ 



dR'' 



r:m{r)=2 



dqr 



(B.56) 



where 



OR" ^ „ 

r:m{r)—2 



Z^'^^ contains only terms with c-dcgrces 3 and 4 because X^'^^'^" and Xr contain only terms with c-dcgrces 
> 2 and the Sext-variations in (B.57) contain only terms with c-degrees > 1. Furthermore Z*-^' is Sext-closed 
because it is Sext-exact as one sees from (B.56) and (B.54). According to part (ii) of lemma 6.7, Z^^^ is thus 
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the Scxt -variation of a function with c-degree 4 whose (^--variation is equal to the part of Z^^^ with c-degree 3. 
Explicitly one obtains 



= - 



^ext 



dRd-dR'' 

with as given in the lemma. (B.54), (B.56) and (B.58) show that /(^) is Sext-closed: 

Sext/^'^ = 0. 



(B.58) 



(B.59) 



(6) The representatives /^^^ arise from functions {ORF {T))Pt{0,R), i.e., they involve representatives OR{T) of 
-f^(ssusy) 2^inv)- Substituting the g's for the corresponding ^'s and computing the Sext -variation of the resultant 
function gives 



^ext 



(OJ?'^(f))Pr(g,C'Abel,^L,^)] 



-{OR^{T)) 



d 



d 



d 



(B.60) 



dC^^ ^ ■ ' ' dqr 

r:m{r)=2 

{OR^{f))r^, {OR^{f))'H°- and (Oi?^(f )) tr^(JP"2) are Sext-closed elements of linv with ghost numbers 5, 6 
and 7, respectively. According to lemma 6.6 they are thus Sext-exact in Tinv, i-e. there are functions X^'^^, X^"" 
and X^ such that 



iOR^if ))m = 5e,tXr», X^- € Tinv , 

(Oi?r(T))tr,(.F2) = Sext^.^ G Tinv . 



(B.61) 



Such functions arc explicitly given in the lemma. Using the same reasoning that led us to Eqs. (B.45) and (B.50) 
one concludes from (B.60) and (B.61) by means of part (i) of lemma 6.7 that /^^^ is Sext-closed: 



Sext/^'^ = 0. 



(B.62) 



(7) The representatives /^^^ arise from functions (Pil^ +P^^2 )-fr(^, R), i-e., they involve representatives [Vfli+'Pfl2) 
of H{ssusy,'^inv)- Proceeding as in item (6) we obtain 



^ext 



iVn\ + VCl^) Pr{q, CAbei, Ou R)] = 



^ + H« ^ + V tr.(^2) d 

r:m(r)=2 



Pr{q,CAhel,OL,R). 



(B.63) 



(B.63) contains only terms with c-degrees 3 and 4 because PQ^ + Vfi2, , W and trr(J-"^) contain only terms 
with c-degrees > 2, 1, 1 and 2, respectively. The terms with c-degree 2 in VO,i +Vfl2 are 4i(i?i?0i —'&'&Q2), the 

terms with c-degree 1 in J^^ and W are — i(i?A + '&Xy^ and —2Q4>'^, respectively. Owing to Q = dS,=S,'d and 
^a;^/3^7 _ ,^a^f3^j _ q ^^j^g latter holds since the i?" and '3°' anticommute) the terms with c-degree 3 in (B.63) 
are 

Part (ii) of lemma 6.7 implies thus that (B.63) is the Soxt-variation of the function with c-degree 4 whose 
(^--variation equals /s. Using (B.41) it is easy to identify this function: 



= -5. 



dP, 



R) 



(B.64) 
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Hence we conclude from (B.63), (B.64) and part (ii) of lemma 6.7 that /^^^ is Sext-closed: 



(B.65) 



(8) The cocycles which arise from functions kf^T'^^Pr{9, R) containing the representatives of -ff (sgusy, 2^inv) are 
equivalent to linear combinations of representatives /^^^ and f^'^\ as will be now shown. The lift of the BRST- 
invariant 2-form F^^ Pi^{9c,0L, R) to a Poincarc invariant solution of complete non-supersymmetric descent 
equations in four dimensions is obstructed by the 4- form F'^^F^^dj^Pi^{0c,Oi,, R) where di^ = d/dC^^. This 
obstruction is absent only if dQ^Pi^){Oc,dh,R) = 0. The general solution to this condition is Pij^{6c,0h,R) = 
dij^P{0c,0i,, R), see section 13.2.2 of [7]. Hence functions kf^J^^^ Pr{9, R) can give rise to Sext-cocycles only if 
they are of the form T'^^dP{9, R)/ dC'^'^ . Proceeding as in the other cases, one obtains 

aP(9,C'Abcl,eL,i?)- 



^ext 



r:m{r)=2 



dPiqX'Ahel,Oi,,R) 



(B.66) 



The functions T^^'K'^ and trr(^^) are Sext-coycles in Ti„v with ghost numbers 5 and 6, respectively, and 
thus Sext-exact in Tinv according to lemma 6.6. Hence there are functions X*-*" and X).^ such that 



tr,(^2) ^ -s^^^X, 



r ; 



(B.67) 



Owing to H° = — (l/2)0(/)°, the first equation in (B.67) is just a special case of the first equation in (B.61). 
X'-^" can thus be obtained from X^^^ by choosing R^{T) = 0''/2. The computation of X^^ is very similar to 
the computation of the functions which satisfy the last equation in (B.52). One obtains 



X;-^ = -iS[A'^^tr^(AA) + 2A''^"tr^(AaA0] +C.C. 
Proceeding as in items (2,3) and (4), one obtains Sext-cocycles /^^^: 



Sext/ 



(8) 



0, / 



(8) 



d 
dR" 



r:m(r) — 2 



_d_ 
dqr 



dPiq,CAbehOuR) 



(B.68) 



(B.69) 



To show that /^^^ is equivalent to a linear combination of representatives /^^^ and /^"^^ as we have asserted 
above, we shall use the following relation: 



tr^(Jc-2-) ^ _^p^j.^^XX) + iPtr^(AA) +Sext S^tr^(Aa^A) 



(B.70) 



Furthermore we recall that one has 

Se^tP{q,CAhel,6L,R) 

d d 



1~C^ 

dC^^ dR" 



d 



J2 P{q,CAbehOL,R). 



r:m{r)=2 

(B.69), (B.70) and (B.71) give [one may use part (i) of lemma 6.7 to verify this]: 



/ 



(8) 



^ext 



P{q,CA^,uOL,R)- 2^tr,(Aa^A) 

r:m{r)=2 



dP{q, CAbei) 9\^,R) 



+ X' 



d 



_|_ yo ^_ _|_ yah ^ 



r:m{r)=2 



r:m{r)=2 



dR^ 

d 



dqr 

dPiq.C\u:l.OL,R) 

OR'' 

dP{q,CAhehOi.,R) 



dqr 



(B.71) 



(B.72) 
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where 

Y^^ = iS{V'^^tr^(AA) - ^A'-^ tr^(AA)}. 
Recall that {Pt{0,R)} denotes a basis for the monomials in the O^s and i?'s. Hence one has 

for some complex numbers and A;'"'". (B.72) shows explicitly that /^^^ is indeed equivalent to a linear 
combination of representatives /^^^ and /^^^ arising from the particular choices 

i^^(f) = ifc^^^ E s^'"'^tr,(AA), nr = _ ^ iA:'^r^r,(AA). 

r:m(r)=2 r:m(r)=2 

(9) To illustrate the derivation of the X-functions, let me finally describe in some detail how one derives X° 
satisfying (B.43). (6.9) and (B.35) yield 

H" irr{J^^) = (i^f - i^V' + c^HuT tir{F - i^X - idXf. (B.73) 

We start from the terms with lowest c-degree in this expression. They have c-degree 2 and are given by 

= -i{i>^ - ^ip)" [-i i?i?tr^(AA) + 2i)"d" tr^(AaA«) - i t?i?tr^(AA)]. (B.74) 

(B.74) is (5_-closed since it is the term of lowest c-degree of an Sext-cocycle. The (5_-cohomology (B.31) shows that 
it contains precisely two terms which are not ^_-exact. These are (i/2)^°^'!?i?trr(AA) and (— i/2)^^"^?i?trr(AA) 
which are easily seen to be 6-exact and 6-exact, respectively (owing to 6^ = ^xjj, hcj) = ■ip^, bX = bX = 0). Using 
that one has Sext/ = (^- + b + b + c'^V^)/ for / e %nv, we can thus write these terms as 

i ^«^i?i?tr^(AA) = (sext - b - c'^V^) [i tr^(AA)], 
- i ^^''Mtvrill) = (sext -b- c'^V^) [-^ tr^(AA)]. (B.75) 

Using (B.75) in (B.73), one obtains 

tr,(.F2) - SextX,"2 = /,^2 + /,^3 + /;,4 (B.76) 
= I tr^(AA) - i trr(AA), (B.77) 

where /"j, 3 fri have c-degree 2, 3 and 4, respectively, and f^2 ^--exact, i.e., there is some such 
that 

5_X«3 = /«2. (B.78) 
[Of course, is only defined up to the ^--variation of some function with c-dcgrcc 4.] Explicitly one obtains: 

/»2 = i^V-" [-\MiVr{XX) + 2i?"i?" tr^(Ac.A<i)] ~ ^^Mb [(/)° tr^(AA)] + c.c. 

= [-~d%nTr{XX) + 2i9"i9"tr^(A„Ac,)] - cp" £,Viir{XX) + c.c. 

X«3 = -iS^(^a''V''' + i(/>"^a'^r»)tr^(AA) -iS^eV'"tr^(Aa'^A) +C.C. (B.79) 
Using (B.78) in (B.76), one obtains 

tr,(.F2) - sext(^;,2 + ^"3) = ~fh + f?A , (B.80) 
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where /^g = /"g — (6 + b)X^^ and f^^^ = f^^ — c^'V^X^g. (B.80) is an Sext-closcd sum of terms with c-degrees 
3 and 4. According to part (ii) of lemma 6.7 it is thus the Sext-variation of a function X^^ with c-degree 4 that 
fulfills <5_X^4 = /^^g. We conclude that 

iJ"^ tVriJ'') - Sext(^.",2 + K3) = ^ext^.^ , (B.81) 

where S-X^^ = f"^. The explicit computation gives 

= Ei^i>''V+l ^"V^) tr^(AA) - | S ff^ tr^(Aa''A) + c.c. (B.82) 
(B.81) yields X^ = X^^^ + X^^ + X^^^. 
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